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1. Basic equations of shells

In the paper of Cz. WoZNIAK [1], [2] bases of analytical mechanics of material continuum
have been given and among other things equations of motion and boundary conditions
have been formulated for shells as a body with internal constraints.

For static problems, taking the function of motion defined by the equation

XeBy=IIXF
X(X> t) = 'l’(Za t)+d(Z>t)Y) Z=(z1’zz) EH, YeF (1)
the equations of motion have the form [1]
Hkx,x+hk+fk= 0,
M¥E prmbyef =0,
and the boundary conditions are defined by the following relations [1]
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The functions v and d may be dependent on each other and satisfy certain conditions [1]
0(Z,¥(Z,1),d(Z,1),V9(Z,1),Vd(Z, 1)) =0, Zell

BUZ, W(Z, 1), d(Z, 1), W(Z, 1), 0(Z, ) = 0, Zedll. @

2. Kinetic contact conditions for shells with inclusions

In order to take into account the influence of the inclusion on the motion of the shell,
we also handle the inclusion as material continuum [3].

Let us assume that the notion of inclusion from the reference configuration I to the
actual configuration is described by the function x = (X, t), X = (X") e Ix.
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In accordance with the analytical mechanics of material continuum, the field of external
body loads & and the field of external surface loads jx and the field of internal contact
forces fg = Trng (Tr is the first Piola-Kirchhoff tensor of stress) should satisfy the prin-
ciple of virtual work [2]

[2x(B=3)- d5dva+ § B S7dow = [ Te- V(37)dog, )
g Alg In

where 0g is the mass density of material of the inclusion in the refereace configuration
We put that the field of external surface loads affecting the boundary of inclusion
oIy or its part is given by the field of internal forces of the shell

I;k — fkvny , (6)

where ng = (n)y is a unit normal vector in the place of contact of the shell with the
boundary of inclusion. Assuming that the inclusion is closely connected with the shell,
the functions of motion for the shell y and the inclusion ¥ have the same values on the
common surface Sg = 0BgNdlg.

Let the motion of arbitrary particle of inclusion be given in the following form:

WX, 1) = o(ZY, ) +d (24, )24, Z'ell, Z=(2*, Z%eF, (7

where I = 17_ x F is the region occupied by the inclusion in the reference configuration;
IT is the set of material particles being on the axis of inclusion, F— the set of particles
being in the cross-section of inclusion.

Putting that the dimensions of the cross-section of inclusion are & x I(Z* € (—0,5/; 0,5]),
Z? e (—0,5h; 0,5h) and taking into account the condition (6) we obtain

0,5h o5t 0,5h ol
[_ofs h praze|” = [_Ofs h THn,dz?| o = Hn,,
0,5h 0,5h
[_ofs h pz2az | = 22 ofs h f*LnLdzs]ff,’_s, = [Z2H"n,, ®)
- 0,54 o1 0,5h
[_ofs h pz2az?|™, = [_0 fs ;. T Zn,dz3| o7 = (M*n,,

The integrals in the relations (8) denote the jumps of the internal resultant forces in the
section of the shell oriented by a unit vector ap while crossing the axis of the inclusion.

Using the principle of virtual work (5) and putting the relations (7), (8) and applying
to (5) the du Bois-Reymonda lemma we obtain the equations ot motion for the inclusion
in the following form

[H*n, = — (H*' ,+9),
lHkLzz]nL - _(ﬁzkl,l_i_};zk_i_f'zk)’ ‘ )
[MkL]nL — _(ﬁskxd_,_i{ak_,_fak)’ :
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where
0,51 0,5k
A = f f Tv“dZ:’dZZ,
~0,5! —0,5h
0,5 0,5k
AR = { f f"‘Z“‘dZ3dZZ,
~0,5! — 0,54
05! 0,5k
Ak = [ Tetazeaz?, (10)
—0,51 — 0,5k
s 0,5k
fk = [ Oj;l}',kdzz]LOISh,
- (;'51 - 0,51
fAk = [—oj;l kaAdZZ]_O'Sh'

The equations (9) are kinetic constant conditions for the shells in the place of the oc-
curence of the inclusion and they include its influence on the motion of the shell. We
determine the generalized internal forces H*!, H**' assuming the appropriate form of

6
Oy -

constitutive equations and for the inclusion being a hyperelastic body T+ = Oz

& is the strain energy function.

Equations of motion (2), boundary conditions (3) and kinetic contact conditions (9)
describe the boundary value problem being discussed.

3. Cylindrical shells with ring inclusions loaded axially symmetrically

We write the equations formulated above in the cylindrical coordinates R, X!, X?
assuming that the considered values do not depend on variable X* (fig. 1).
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Fig. 1

We put that the shell and the inclusion are made of isotropic material. The equations
given below will refer to the case in which the constraints (4) are determined

o, =d"dy —1=0 (11)
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which by the linearization leads to d® = di = 1. The constraints assumed so describe
the Reissner theory of shells.

From the equations of motion given by eq. (2) we obtain four differential equations
for cylindrical shells loaded axially symmetrically

—p2222 g —p2222| [ 2 0 -D*** 0 P2.2
0 D2 0 Baaz |4l =D 0 D22 gy, |4
—D2222 D222 dy, 22 0 D322 0 | d,,
0 0 0 W, -2
+ o'_%pm 0 va|+| /2 | =0, (12)
0 0 D22 d, —e?

and
211__102231?2’2_'_53232@3,24_(5322_15223)‘1’;,2_1)33@3_{_63 =0

where 2! is Lagrange multipler which corresponds to eq. (11). In the above system equations
the components of function of motion are denoted in the following manner

Yy = TI)V"’QZ’V: dy = dy—dy, 13)
where 'l’ = (0,X% R), d = (0, 0, 1). The factors at the unknown components of function
of motion depend on Lamé constants u#, 4 and thickness /# and radius R of the cylindrical
shell. .

'p223 — _%Izifﬁzzs = RD?23 = h],

D3232 — D322 . D22 12‘5 D3232 lhmzz D322 — hu,
D222 = le D222 = 12RD?*?* = h(h+2p), (14)
1{h\ 1 h\ h
113 = — —_— -_ .
D [1+3 (2R) + 5 (_ZR) + .. ]———R (ﬂ.+2,u)
1{r\ 1{h\ h h
33 . __ - - _
D% = [3 (2R) + 5 <2R) +] R (ﬂ.+2‘u)+Rﬂ.

The kinetic contact conditions for shell (9) should be reduced to the form including
the components of the function of motion of shell ¥ and 4 only. Taking into account
the equality of the deformation functions of the shell and of the inclusion on the common
surface S; we obtain the mentioned below relations between components

I B — 1 _ N
Yy = 5 @FE+v7), dww = -7 @ —vy), dyy= T(dl% +dy). (15)
We determine with sing ,,+” the components of the vector of motion for the part of shell
which is oriented by the positive unit normal vector mg while crossing the axis of the in-
clusion and with sing ,,—* those for the one oriented by the vector —my. The kinetic
contact conditions by the application of the relations (15) have the form
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2 -
where
e 0,5k 03! 0,5k
fr= [ f ijleZ].:o,sm f3 = [ f ﬁsdzz]_'o,sh:
—0,51 -0,51
0,51 0,54 ot 0,5k
j'r'zz - [ f ﬁZZZdZZ] _’0 o fzs = [ J‘ i,'szzdzz]_o'sk’
—0,51 ' -0,51 '
0,51 0.5k 0,51 0,5k
f32 = [ f Z’zzsdzz]_:()_slp f33 = [ _J‘ 5323‘122]—:0,511’

-0,5!

-0,5!
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and
1 h\? h\? I
JZEER. _}éﬂ ll_,_% (_2—R—> +—;—(—-—R) + ] (A+23),
ml{i{nr\ 1[nr)\ o I
333 _ | o1 I R —_—
o - 2 [3 (ZR) . (m) + ...](A+2u)+R 1,

[2323 =%[1+%(_2%)2+%(%)4'+ ..,]+lh;¢, (18)
[2222 = Ih()':+2,il),

L2233 = RI322 = Jp],

L3232 = [2332 — [3223 — Jpi;.

#Z, A— Lamé constants for material of the inclusion:

The first three equations (12) together with kinetic contact conditions (16) and suitable
boundary conditions let us calculate the components of the function of motion of the
shell and the internal resultant forces in the shell and the inclusion and also the reaction
forces of constraints loading the shell which secure the deformation consistent with the
assumed constraints. The internal resultant forces may be calculated from relations given
in [3] and for the shell being considered they have the following form

MY = Zlh; (l+2,u)h[ (21;1) +%(%)4+ ] Vs,

- R e S

M = 12R ¢ (s.a ),

HY = zh¢2,2+_(“;_ﬂ)h[1+ 1 (;R)Z“L% (7"1?)4+ ...]% (19)
= (2l + L g

H?* = phips, 5.

M — M21 — M31 H12 H21 — H31 = 0

The internal forces in the inclusion which are different from zero are determined by the
relations

. A+2i)lh 1{ h\1 ] n e
Hu:_z—;_[l.:,. (7)? —2—1? oo | G +93) ~ Al(ypt —92),

(20)
o (z+2u)1h[ (_2%) +%(E}IE)4+...]@5’+¢5)-
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The reaction forces of constraints for the shell may be calculated from [1] and for this
shell they have the form

=0

Atu - Yy (r\* (v _ -

rt = —( Rﬂ w3.2+%d2) [1—_‘R—+(T) "(‘h—) + 4--]“(}-+2ﬂ)("l’z.z+Yd2.2)y

_ — _ At+2 Y v\ vy} _

I'3 = ~(A+/.L)d2'2—/£‘l/)3l22+ RZF' [I—Z—R“*‘:;(?) —~4 ("ﬁ‘) + ...]’4)3,

st =0,

52 = !‘(d;_+’7’3,2)‘P21

A h A\Y ]N h - h

3 & AT A . . N . 3 - - =

S =% [1+2R+(2R) +(2R) T | Vst Ve Ty daa) = p? for ¥ = -7

5 A h ALY _ - ko . _h

53 = _h_[l_ﬁ-l-(—ii) *(—ﬁ) + ] Py+4 ("/’2,24‘“2— dz,g) —-p’, for =5
4. Example

Let us consider a cylindrical shell of length L in which two rings have been placed.
The Young’s modulus for the material of rings is 209 greater than that for the material
of the shell but the Poisson’s ratios are the same. The shell is loaded a uniform load p
along its length (fig. 2) and simple-supported at its ends. It is assumed that the thickness
of shell is h = 0,04 m, the radius of the middle surface of shell R = 0,60 m and the width
of aring / = 0,03 m.
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Solving this example, the region occupied by shell in the reference configuration has
been assumed as the sum of three regions B}, BY, BY'  (fig. 3).
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After calculations vertical displacements of the points of the middle surface of the
cylindrical shell with two ring inclusions and the change of bending couple M?? along
the length of the shell have been shown on fig. 4 as and example.
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Peszome

YPABHEHHE OBOJIOUEK C MHKIIO3HUAMY BIOOJIE OOHOIO CEMENCTBA
' ITAPAMETPHUECKUX JWHUNA

Hcxona n3 ypaBHEHHH TEOPHHK CIUIOUMbIX CheX € cBA3AMHU chopmysmpoBarroit U. Bosssronm (1, 2]
IIpefJIaraeM MaTeMaTHYecKyIo MOJelh 0BOIOueK M3 Marepuana O CKAYKOOOpasHbIx cBoficrnax. O6macti
3apsiThIe MATEPHaNoOM O CBOMCTBAX PA3HBIX OT CBOMCTB OCHOBHOBO MATepPHaNa HA3BAHLI HHIUTIOZASAMA.

Pewrerne npobiemsp! ¢ cKaulOOOPa3HLIMA HEOMHOPOTHOCTSMY CBENEHO X PEIIENFIO NpofiemMnl I
ONHOPONHOTO Marepuana C HEKOTOPLIMU CBASAMY IUISI COCTOSHUSA HAHPSOKERUsi. 110IydeHnl ypaBHeHus
MON(HA TIPEMEHATH NI BBLIUMCIEHHA 000NOUEK ¢ IMOKMMHM HHIUHOSUSMM BIOL OJHOrO cemelicrsa ma-
paMeTPHYECKUX JIMHIIA Ha CPEMMHHON IMOBEPXHOCTH OGONOTKH.

Streszczenie

ROWNANIE POWLOK. Z INKLUZJAMI WZDLUZ JEDNEJ RODZINY
LINII PARAMETRYCZNYCH

Korzystajac z rownan teorii oérodkow ciaglych z wiezami sformulowanej przez Cz. Wozoiaka [1, 2],
skonstruowano matematyczny model powlok ze skokowymi nicciaglo$ciami wiasnoSci materialowych.
Obszary zajete .przez material majacy rozne wlasnosci od materiatu podstawowego nazwano inkluzjami.
W sformulowanym modelu rozwigzanie problemu ze skokowymi niejednorodnofciami sprowadzone zo-
stalo do rozwigzania problemu jak dla materialu jednorodnego, lecz z pewnymi wigzami dla stanu naprg-
Zenia.

Ofrzymane roéwnania moga byé zastosowane do obliczenia powlok z wiotkimi inkluzjami wzdtu
jednej rodziny linii parametrycznych na Srodkowej powicrzchni powloki.

Praca zostala zlozona w Redakcji dnia 2 lutego 1983 roku



