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In the paper a2 mathematical model of unsteady flow through an ultra-
sonic flowmeter has been presented. This mathematical model is based
on the Reynolds equation for the axial component of velocity vector and
k — € turbulence model equations. Unsteady flow was given by suitable
formulation of a function representing the gradient of pressure in equ-
ation of motion. The equations of the model were numerically solved
with the finite-difference method. The model was used for analysis of
the influence of velocity profile, variable time, on the flowmeter indica-
tions. Pulsating flows and flows with velocity leap were tested. From the
numerical testes it results that variability of the velocity profiles time is
connected with important changes in sensitivity coefficient of the ultra-
sonic flowmeter. Variability of this coefficient is mainly influenced by a
pulsation amplitude of the mass flux. Small influence of pulsation on the
flowmeter indications can be observed anly in the case of slow-changing
flows, for which the Strouhal number is Sh < 0.1. In the case of flows
with velocity leap the maximum changes of the sensitivity coefficient are
of 4+ 6%. For flows where the maximum value of Strouhal number in
the range of velocity leap is less than 0.1, the range of sensitivity coeffi-
cient changes is not wide and it does not exceed the range resulting from
increase of the Re number.

1. Introduction

Unsteady flows are often found in industrial systems and they are usually
connected with transient processes. They can be also caused by the action
of control systems. Also disturbances in systems may be periodic and caused
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by operation of pumps and piston compressors. Unsteady states in systems
produce additional errors in mass stream measurements. These errors depend
on dynamic properties of the measuring system used and parameters charac-
terizing the disturbance of flow (cf Dobrowolski and Pospolita (1987); Dijstel-
bergen (1964); Launder and Spalding (1972)). Most of traditional flowmeters
have got inertial elements and therefore the measurements of quick-changing
streams are not possible. Thus, flowmeters with no inertial elements, for exam-
ple, ultrasonic flowmeters should be applied to measurements but at first one
should to make sure if the changeable with time velocity profiles influence
the accuracy of flowmeter. Ultrasonic flowmeters are more and more often
used in practice because they are precise and they do not cause any additio-
nal resistance to flow. Ultrasonic flowmeters in which the velocity of fluid is
determined from the difference between times of acoustic signal passages in
direction of flow and reversely, are applied most often. Such flowmeters are
usually used for measurements of liquid flows; in gas flows it is difficult to ob-
tain intense acoustic vibration because the acoustic resistance is weak. There
are, however, some reasons for the limited application of ultrasonic flowmeters
to measurements of unsteady flows. The measurement procedure is the first
limitation for most ultrasonic flowmeters. The measuring system of flowmeter
(Fig.1) usually consists of three basic blocks: primary element, receiver and
digital system. The primary element generates pulses activating ultrasonic
converters. The converters are usually activated by rectangular pulses, tens
of nanoseconds wide. The receiver collects ultrasonic signals and generates
a signal corresponding to the time of ultrasonic wave course between heads
for a given number of activations. The digital system performs a function of
control system, calculates and averages results of measurements and makes
communication with external devices possible. Such a kind of measurements
limits a possibility of application of ultrasonic flowmeters to measurements
of quick-changing flows. For example, flowmeters made by DANFOSS have
got time-constants not less than 1s [15]. There are, however, ultrasonic
flowmeters with very good dynamic properties and they can be applied to
measurements of instantaneous value of the pulsating stream with frequency
of tens Hz (Dordain (1979). The second limitation is — in the case of unsteady
flows — the velocity profile, variable with time. In such a case it is necessary
to analyse if and how the changing velocity profile influences accuracy of the
flowmeter. Only few Author (cf Dobrowolski and Pospolita (1987); Dordain
(1979); Hamidulin and Karamowicz (1989)), discuss some aspects of this pro-
blem, so a full metrological analysis is not possible. Suitable experiments are
complicated and requirements for the measuring apparatus are very high, so
the problem must be solved in the theoretical way.
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Notation
c — velocity of the acoustic wave in the flowing medium
c1,C2 — empirical constants of a turbulence model
D — pipeline diameter
hyy — dimensionless amplitude of the pulsating mass flux
k — kinetic energy of turbulence
ky — sensitivity coeficient
L — distance between converters
M —  mass flux
P — pressure
T - radial direction
Re — Reynolds number
R — pipe radius
Sh — Strouhal number
t - time
U — axial component of the velocity
Ua — mean velocity in the pipe section
Ur — velocity averaged along the radius
Yp — distance of the point P from the wall
z — axial direction
a — angle between the pipeline axis and the straight line
connecting converters
Ok,0e,0, — empirical constants of a turbulence model
¢ — variable
o — time averaged value of the variable ¢
€ — rate of dissipation of turbulent kinetic energy
v — kinematic viscosity
Vef — effective viscosity
P — mass density of fluid
w - frequency of the mass flux pulsation
2 — acoustic signal frequency
Ap — phase displacement between acoustic waves travelling

between converters
- — time averaged value
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2. Mathematical model of the ultrasonic flowmeter

Fig. 1. The one-way ultrasonic flowmeter; 1 — primary element, 2 - receiver,
3 - digital system, 4 — ultrasonic converters

Let us consider a one-way ultrasonic flowmeter, in which the velocity is
measured in the plane of the pipeline diameter D (Fig.1). The average velocity
in the pipeline section U can be written as (cf Kremlevski (1989))

Ua =k, Ur (2.1)
where
k., — sensitivity coefficient
Ur - velocity averaged along the radius
) R
Un=5p / U dr (2.2)
-R

For example, in the case of ultrasonic phase flowmeter the measured signal is
(cf Kremlevski (1989))

AB = 2LS2 cos agR (2.3)
where
Af - phase displacement between acoustic waves
L — distance between converters
a - angle between the pipeline axis and the straight line con-
necting converters
c — velocity of the acoustic wave in the flowing medium
{2 - acoustic signal frequency.

Sensitivity coefficient k, takesinto account influence of the velocity profile
on the flowmeter indications.
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For determining the velocity profile, variable with time, equations repre-
senting the fluid motion in the pipeline were solved in a numerical way. The
mathematical model of the flow was derived on the following assumptions:

e The flow is fully developed, so all the derivatives except for the pressure
derivative are zero

o Density and laminar viscosity coeficients are constant

e Mean parameters characterizing the turbulent flow are determined by
the group averaging (Watkins (1977)). Then an arbitrary parameter &
is defined as

m

E d(z,r,t + nT) (2.4)

=-m

Y= 1
&(z,7,t) "}gnoo2m+1n

— where T is a period of stream pulsation. Due to such a definition
of mean values it is possible to analyse the flow, variable with time,
for which the magnitude of changes corresponds to the period of
pulsation

— the pressure gradient in a pipe is a periodic function with the com-
ponent constant or the pressure gradient makes a linear increase of
the mass stream flux (leap of velocity).

A velocity profile of the fully-developed pulsating turbulent fluid flow in
the pipeline is described by the Reynolds equation the axial component U of
the velocity vector

ouU 10 oU 10p
— = - — - == 2.
ot ror (TVC" or ) pOz (2.5)
where the effective viscosity is expressed by
k2
Vef =V + Cu (2.6)

Kinetic energy of turbulence k and its dissipation rate ¢ are determined from
equations of the model of turbulence (cf Launder and Spalding (1972))

ok 0 ( Ves Ok ovu
5= o e n) toar) e .0
L 2ol
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Empirical constants in Eqs (2.5) + (2.8) are

¢, =0.09 ¢y = 1.43 c; = 1.92
or =1 c. =13

For Eqs (2.5) + (2.8) the following boundary conditions were assumed. In
the symmetry axis a condition d®/0r = 0 was assumed for all the variables.

On a pipe wall the boundary conditions are formulated according to the
model k — ¢ for a large Reynolds number (cf Launder and Spalding (1972)).
The velocity U on the wallis 0. If it is assumed, that the point p of difference
mesh near the wall lies in the region of developed turbulence, then the velocity
Up, is described by the following logarithmic formula

Ey,, [T*
ﬁ_lln# (2.9)

Tw v

e X
where y, is the distance of point P from the wall, x = 0.42and E = 9.7
are the empirical constants, respectively. Assumption that the shear stresses
T are constant along the segment connecting points w on the wall and P in
the boundary layer, respectively, implies

Tp = Tw = pkp\/C, (2.10)

Compiling the above formulae we obtain the identity

o= PXUP\‘/E\/E

P
In Eyp 5/ kp
v

(2.11)

which relates the shear stress on the wall to the kinetic energy of turbulence
and the component of velocity vector parallel to the wall.
The amount of energy dissipation ¢, at the boundary point can be found

from the relation
_ L ng (2.12)

* T T
The amount of kinetic energy of turbulence k, at the point adjacent to the
wall is found from the general equation of balance with the diffusion neglected.
A component representing the dissipation pe in the equation of transport is

estimated a follows
4/c3 k6 E
” ; Z1n y”“/:_’“ d (2.13)

pe =
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The system of equations (2.5) + (2.8) was solved with the finite-difference
method. As a result of discretization of the system difference equations were
obtained and their general form was (Dobrowolski and Pospolita (1987))

abdnt = oot + aleit L R+ PSy + Mpd} (2.14)

The formulae for coeflicients a‘l’;, af,, ag and Mp, Sy result from the as-
sumed way of discretization of Eqs (2.5), (2.7) and (2.8). Some details of
the difference network assumed and discretization of the mathematical mo-
del equations are given, among others, by Dobrowolski and Pospolita (1987),
Dobrowolski et al. (1991). The solution was based on the SIMPLE method,
Patankar (1980). Since the difference scheme for coordinate t is unexplicit,
the system of difference equations was solved iteratively at each time level.
The iterative process was continued up to occurrence of the residual test for
convergence. Then calculations for the next time level were done.

3. Effect of unsteady stream on sensitivity coefficient of the
flowmeter

In the problem considered, the velocity profile for a large mass stream
results from a kind of stream variability and the initial conditions. There are
many possible unsteady states and many possible velocity distributions, so it
is not easy to establish the values of parameters characterizing the unsteady
flow, which can be used as criteria of usability of the lowmeter at a permissible
additional error of measurement. Thus, velocity profiles, variable with time,
were considered for unsteady flows being very similar to those occurring in
practice. Pulsating flows and flows with violent velocity leaps were analysed.
Some sample velocity distributions for pulsating, fully-developed turbulent
flow in a pipe are shown in Fig.2. Calculations were done for flows with the
same amplitude of pulsation hy, but different values of the Strouhal number
of hydrodynamic similarity Sh = wD /U4, where w is frequency of the stream
pulsation, U, is the flow velocity averaged in time. It has been found that
the increase of Sh number is connected with the greater changes of velocity
profiles in comparison with the steady flow. In the case of large amplitudes of
pulsation of fluid flux a reverse flow may occur near the walls. The calculation
results for the pulsating flow in a pipe, made according to the mathematical
model and algorithm presented, were compared with the experimental data
available and a good agreement was obtained (Pospolita (1992)). Changes of
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__Fig. 2. Velocity profiles and coefficient k, while stream pulsation;
Ua, ky — quantities averaged at time, hM — relative amplitude of mass stream
pulsation



MATHEMATICAL MODELLING IN MEASUREMENTS... 599

kIR,
mii 4
2.0r hy =0.9, Re=5-10"

1.5

1.04

[ +wwnk — M/M

0.5} kdewded — k /k, for Sh=10
06000 — k,/E, for Sh=2.5

| ++++ — k,/k, for Sh=0.5

[ 06046 ~ k,/k, for Sh=0.038

0 8.25 05 0.75 7
klk,
2.0 Sh=5, Re=5-10"

M A

1.5

0.5

for hM =0.9
[ 09800 — k,/E, for hyy =0.7
[+ = ku/k, for hy =05

0 035 0.5 0.75 s

Fig. 3. Influence of the Strouhal number and amplitude of mass stream pulsation on
the range of changes of k, while pulsation
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Fig. 4. Values of k, for the velocity leap, velocity profiles before the leap and for

the extremum k, (k, — directly before the leap)
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coefficient k, are result frm the profile changes. Fig.3 shows the influence of
pulsation amplitudes and Strouhal number on changes in sensitivity coefficient
k.. From numerical investigations it results that the relative amplitude of
stream pulsation is the parameter exerting the largest influence on variability
of the coefficient. The range of changes k, widens with the increase in stream
pulsation amplitude. It is important that these changes are observed mainly
in that part of pulsation period where the flow reaches its minimum values.
It is connected with the maximum changes of the velocity profile in that part
and even with occurence of reversion flow in a part of the flow section. For
a given pulsation amplitude the range of changes of k, widens together with
increase in Strouhal number Sh.

The presented results as well as the results of further numerical computa-
tions show that in case of slowly — changeable flows, where Sh < 0.01, the
range of changes of k, is not large even for high relative amplitudes of stream
pulsation (0.8 +0.9) and results from changes in instantaneous values of Re
numbers,

For flows with hy, < 0.5 the changes of k, within a pulsating cycle reach
2 = 3%, independently of the stream pulsation frequency. These comments
concern the flows in which relamination of the stream does not occur (high
Re). In the case of flows in which violent differences velocity are observed, the
flows accelerated from the steady motion were tested for Reynolds numbers
1.3-10% + 7-10% Fig.4 shows the changes in k, versus time for a velocity
leap. Relative time on the X-axis from 1 to 2 corresponds to the steady flow,
from 2 to 3 to the velocity leap. Quantity of k, corresponds to the value of
sensitivity coeflicient for the steady flow before the velocity leap. From the
analysis it results that for short times of a leap the relative value of k,/k,
undergoes the largest changes, i.e., about 6%. From calculations it also results
that the largest change in the coefficient value can be observed just after the
leap, next k, tends to its value for the steady flow, proper for a given Re after
the velocity leap. In Fig.4 the Strouhal number Sh = ‘%J-{-‘la% characterizes

turbulence in the form of velocity leap. A number Sh given in Fig.4 is the
largest one within the leap considered. For flows in which the maximum value
within the velocity leap is less than 0.1, the range of changes of k, is small
and it does not exceed the range resulting from the increase of Re.
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Zastosowanie modelowania matematycznego do oceny mozliwosci
pomiaréw przeplywéw nieustalonych przeplywomierzem
ultradzwiekowym

Streszczenie

W pracy przedstawiono model matematyczny nieustalonego przeplywu przez jed-
nodrogowy przeplywomierz ultradiwickowy. Model matematyczny slormulowano w
oparciu o rownanie Reynoldsa dla skladowe] osiowe] wektora predkosci i réwnania
k — ¢ modelu turbulencji. Nieustalony przeplyw zadawano odpowiednio formutujac
posta¢ funkcji wyrazajace] gradlent cisnienia w réwnaniu ruchu. Réwnania modelu
rozwiazano numerycznie metoda réznic skoriczonych. W oparciu o przedstawiony
model matematyczny dokonano analizy wplywu zmiennego w czasie profilu predkosci
na wskazania przeplywomierza ultradZwiekowego. Badano przeplywy pulsujace oraz
przeplywy charakteryzujace sig skokiem predkosci. Przeprowadzone badania nume-
ryczne wykazaly, ze ze zmianami w czasie profilu predkosci wiaza sie istotne zmiany
wspo]czynmka czulosci przeplywomierza ultradZzwiekowego. Zasadniczy wplyw na
zmiennos¢ tego wspdlezynnika ma amplituda pulsacji strumienia masy. Jedynie dla
przeplywdw wolnozmiennych, charakteryzujacych sie liczbami Strouhala Sh < 0.01
wplyw pulsacji strumienia na wskazanie przeplywomierza jest znikomy. W przy-
padku przeplywéw charakteryzumcych sig skokiem predkoscl, maksymalne zmiany
wspdlezynnika czulosci sa rzedu 4 = 6% 1 wystepuja bezposrednio po zadaniu zabu-
rzenia. Dla przeplywéw, dla ktc’)rych maksymalna wartos¢ liczby Sh w obrebie skoku
predkosci jest mniejsza od 0.1 zakres zmian wspélezynnika czulosci jest niewielki |
praktycznie nie wykracza poza zakres zmian wynikajacy ze wzrostu liczby Re.
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