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In this paper a model of a composite, multi-layer plate with piezoelectric
elements (PZT) has been presented. The influence of the stress stiffness
matrix K, on the results obtained has been shown. The model has been
built up by making use of the finite element method (FEM). The issue of
numerical calculations corroborated that the forces, which are formed as a
result of activation of piezoelectric elements are considerable. These forces
cause changes in static and dynamic characteristics of the element under
consideration. The forces cause changes in displacements, stresses, natural
frequencies and mode shapes as well. The changes in static characteristics
are bigger than changes in dynamic one, moreover, the changes in the
natural frequencies are bigger than those in mode shapes.
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1. Introduction

Vibrations of machines are a serious problem. The level of vibrations can be
reduced in various ways. Nevertheless, vibrations can not be eliminated fully.
For this reason in many practical situations vibrations are controlled actively,
in order to minimise their negative influence on the lifetime of machines. The
level of vibrations can be greatly controlled by activation of PZT elements
(Celentano and Setola, 1999; Hwang and Park, 1993; Tseng, 1989; Tzou and
Ye, 1996).

Piezoelectric materials can be used in smart structures as sensors or actu-
ators in applications such as shape control, active damping and acoustic noise
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suppression. The design of such systems requires accurate electromechanical
models to simulate the interaction between the structure and piezoelectric ele-
ments. The recent literature addresses the modelling of piezoelectric elements
either bonded or embedded to several different types of structures.

Piezoelectric actuation of beams was treated in depth by Crawley and de
Luis (1987), Cravley and Anderson (1990). Several other formulations were
also presented for modelling of plates Keilers and Chang (1992), Ghosh and
Batra (1995), Batra et al. (1996).

Deformation of plates may have significant influence on mechanical beha-
viour, affecting flexural stiffness and, hence, dynamic and stability characteri-
stics of isotropic (Brunelle and Robertson, 1974) and laminated plates (Yang
and Shieh, 1987). Rammerstorfer (1977) determined the optimum fields of resi-
dual in-plane stresses, which maximize the first natural frequency and buckling
load of plates. Almeida and Hansen (1997) showed that, with a proper design,
the in-plane thermal residual stresses from the curing process can be tailored
to significantly enhance mechanical behaviour by increasing the critical buc-
kling load of symmetric composite plates. Hernandes et al. (2000) investigated
the problem of free vibration behaviour of composite plates equipped with
surface piezoelectric elements, considering the stress stiffening effect.

In this work a model of a composite, multi-layer plate with piezoelectric
outer layers is presented. The piezoelectric elements establish a part of the
plate in this model. The finite element model has been used in order to analyse
the influence of activation of the piezoelectric elements on changes in static
and dynamic responses of the plate.

The purpose of this work is to investigate the complex problem of sta-
tic and dynamic behaviour of composite plates equipped with surface bonded
piezoelectric elements, considering the stress stiffening effect caused by the in-
plane-induced deformation. With this in mind, non-linear strain-displacement
relations are used to formulate a finite element model including the geome-
tric stiffness associated with the in-plane piezoelectric-induced stress. Several
examples illustrate how the induced stress stiffening influences the static and
dynamic behaviour of simply-supported square plates equipped with the pie-
zoelectric patches.

2. Finite element model of the plate

The plate was modelled by plate finite elements with eight nodes. Each
node has five mechanical degrees of freedom (longitudinal «°, v° displacement,
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transverse displacement w, independent rotation ¢2, (pg). Scheme of the plate
finite element is presented in Fig. 1. Similarly, the PZT layers are modelled
by plate finite elements with eight nodes but each node ha.s six degrees of
freedom - five mechanical and one electrical (longitudinal u , v¥ displacement,
transverse displacement w?, independent rotation (,ox, (,Dy and one electrical
degree of freedom modelling the potential function ¢°). Constitutive equations
of piezoelectric materials are included in Appendix.

The model does not take into account the damping effects.

The displacements u, v, w in the plate are given by the following equations
(Vinson and Sierakowski, 1989)

u(z,y,2) = ul(z,y) + 203z, y)
v(z,y,2) = v°(2,y) + 20y (2, y) (2.1)
w(z,y, 2) = w’(z,y)

whereas the electric field ¢ of the plate piezoelectric element is described by
using the polynomials ¢ (Tzou and Ye, 1996)

b(z,y,2) = 2¢°(x,y) (2.2)

We have assumed that the electric field is linearly distributed through
thickness of the plate (for the thin plate).

il

Fig. 1. Degrees of freedom of the piezoelectric plate finite element

The displacement field is approximated by the following polynomials ac-
cording to Tessler and Dong (1981)

ul = a) + axx + azy + a4m2 + asxy + a5y2 + a,7sc2y -+ agwy2

0 = ag + a1z + any + a122? + a13zy + a14y? + a152%y + a16zy? (2.3)

w® = a17 + a18T + a1y + a202? + a1y + any? + a2y + azy?
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Py = Q25 + a26T + ag7y + a28x2 + a9y + a30y2 + azy :172y + agga:y2
¢y = a3z + ag4x + agsy + ager” + agrwy + azgy® + asez’y + agoay”® (2.4)

¢° = ag1 + 42T + ag3y + aux? + ag5zy + asey’ + a7’y + asgTy’

The constants a; + a4g are expressed by nodal displacements using the
element boundary conditions. When the constants a; <+ a4g are known, the
shape functions matrix N is determined. The strains can be expressed as
follows (Ghosh and Batra, 1995)

Lo .
©T ox v oy
ou Ov ov Ow ou Ow
Yoy = a_y + % Tyz 5 3_y Yoz = a + % (2-5)
¢ d¢
e = Be oy = Jy
where
Ez,Ey -~ normal strain parallel to z and y axis
Yey, Vyz» Vz= — shear strain tangent to zy, yz, zz plane
Egzs Edy — normal strain derived to the voltage V and parallel

to z and y axis.

Using the standard finite element, the matrix of relationships between the

strains and nodal displacements B can be obtained.

The matrix of elasticity coefficients D for the PZT layer has the following

form (Tseng, 1989)
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(2.6)

where the expressions $11, S12, 822, Sa4, S55, Sg¢ are calculated from (Vinson

and Sierakowski, 1989)

S11 = S92 = Sgg = 511 cos® a + 2(512 + 2566) sin? v cos? o + Sgg sin

_ ~ ~ .. 9
S12 = (311 + S99 — 4-566) Sin

2

2o

S44 = S44 cOS? a + S5 sin
855 = S44 SIn o? + S55 COS

acos? a + 512(sin? o + cos? a)

2 o

(2.7)
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while
5 Eqy 3 Eo 3 vi2 By
11 = 29 = —F—Fm 12 = —m
_ 1,2 E22 — 1,2 E2 .2 Ea
1=y En 1=y En 1 =i Eun o (2.8)
_ Gos - Gy - Go
844—7 855—7 366—7
where
a — angle between the z-axes and direction of fibres location
e15,e24 — means the piezoelectric shearing stress constants
£11,622 ~— dielectric permittivities — see Appendix.

The stiffness matrix K is calculated as

N .
K=Y ]BTDB % (2.9)
n=lV

where B is the matrix of relationships between the strains and nodal displa-
cements, and D is the matrix of elasticity coefficients.
Finally, the stiffness matrix can be presented as

l Kinm  Kme ]

= 2.10
Kme Kee ( )

where K,,,, denotes the mechanical part of the stiffness matrix, K,,. is the
electromechanical part of this matrix and K., express the electrical part of
the stiffness matrix of the PZT layer.

The inertia matrix M is calculated as

M= /pNTN dv (2.11)
%4

where N is the shape function matrix and p denotes density.
The stress stiffness matrix K, is given by Bossak (1977)

K, = / G'SGdV (2.12)
Vv

where G is expressed as follows

G =[G, G;,G,)] (2.13)
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The matrix G; is given

ON;, ON;, ON;
Gi = | -, S, s (2.14)

where I3 denotes the 3 x 3 unit matrix and

0:\:'3 Tyml3 T:erB
S: Tyzlg O‘yl3 Tyzlg (2.15)

while
Tz,0y -~ normal stresses within the plate
Tyzs Tzz»Tyz — shear stresses within the plate.

The matrix K, depends on stresses (2.15). In turn, the stress depends on
the load forces g and piezoelectric actuation.

3. Equation of motion and solution

The solution to equation of motion consists of two parts. Firstly, a linear
equation of motion is solved. The equation of motion (without damping) of the
analysed plate can be presented, in a general form, as follows (Muller, 1999)

Mg + Kiimg = —KneU + Fop (3.1)
where
U - vector of voltage
q — vector of nodal accelerations
q ~ vector of nodal displacements
F,, — mechanical force vector.

In the first step, the displacements and stresses within the plate are calcu-
lated. Having them found one derives stiffness matrix K, of additional stresses.
In the second step, equation of motion (3.2), which includes K, is solved

Equation of motion (3.2) is solved in an iterative process. Completion of
this process enables calculation of the natural frequencies from the following
equation

det[(Kpm + Ky) — w?M] =0 (3.3)
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Results for the analysed plate are calculated following the algorithm shown
in Fig. 2. The iterative process consists of several steps. The number of steps
depends on mechanical load and forces which are generated as a result of acti-
vation of piezoelectric elements. The calculation finishes when 0.5% accuracy
of the iterative process is achieved.

/ READ DATA /
v

[ SOLVE: M§+K,,q=Frn-Kme U |

I OBTAIN: q1(displacemcnts), o (stresses) l
|
K]
DETERMINE: Kg=f(o,)

'

| ADD: (K, +Ky) |

| SOLVE: Mij+(K,, +Kg)g=Fu -Kme U |

OBTAIN: ¢, | (displacements), o , (stresses)

:

CONDITION:  [g,-4,.4>0.01
1 NO
det [(K,,+Kg)-@2M]=0

|
/ PRINT RESULTS /

Fig. 2. Algorithm of the iterative process for solving the equation of motion

YES

4. Numerical calculations

The analysed multilayer, simply-supported composite plate is presented
in Fig.3. Each layer is modelled by sixty four finite elements. Dimensions
of the plate are: length and width A = 250mm, height A = 1.0mm,
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H; = 0.1 mm. The graphite-epoxy laminate is anti-symmetric [—a/a/ —a/a]
with @ = 45°. Properties of the graphite-epoxy T300/976 are: Young’s mo-
dulus: F1; = 150 GPa, E9y = E33 = 9GPa; shear modulus: Gaz = 2.5 GPa,
G2 = Gi13 = 7.1 GPa; Poisson’s ratio: vi3 = v13 = ez = 0.3; density:
p = 1600 kg/m?®. Properties of the PZT G1195N are: Young’s modulus: Ej; =
Ey9 = FE33 = 63 GPa; shear modulus: Gg; = G2 = G13 = 24.2 Gpa; Poisson’s
ratio: vig2 = v13 = g3 = 0.3; density: p = 7600 kg/mS; piezoelectric constants:
e15 = eq = 22.86 ¢/m?; dielectric permittivities: ;7 = e22 = 15.3 - 107 GPa
~ see Rinat and Bar-Yoseph (2000).

¥

piezoceramik lavers

graphite-epoxy layers

A -

Fig. 3. Geometry of the piezoceramic anti-symmetric simply-supported composite
plate

The plate is subjected to a uniformly distributed, mechanical, transver-
se load of ¢ = 1000 N/m?. Equal electric fields, but with an opposite sign,
are applied across the thickness of the upper and lower piezoelectric layers,
respectively. Due to the converse piezoelectric effect, strain is induced. The
poling direction coincides with the z co-ordinate. The strain causes the upper
piezoelectric layer to contract and the lower piezoelectric layer to expand.

4.1. Static analysis

In Fig. 4 the deflection of the plate according to the nonlinear theory, for
a mechanical, transverse load of ¢ = 1000N/m? (U = 0V) only, and for five
active voltages (U = 30, 60, 100, 130, 150 V) and the same mechanical load
are shown

The left picture in Fig. 4a shows the deflection of the plate for the mecha-
nical, transverse load (¢ = 1000N/m?, U = 0V) only. Such a load causes
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Fig. 4. Deflection due to a uniform transverse load and different actuators input
voltage (U = 0, 30, 60, 100, 130, 150 V) — nonlinear model
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the biggest deflection of the plate. The next pictures show that the changes
in the deflection of the analysed plate depend on the actuators input voltage.
The forces which are generated as a result of activation of the piezoelectric
elements are considerable. The deflection of the central point is negative for
the applied voltage U = 150V - see Fig. 4c.

In Table 1 deflections of the central point, according to the linear and
nonlinear theories, for different actuators input voltages are compared. The
differences between the linear and nonlinear computation are the biggest for
the biggest strains (the matrix K, is maximum for the maximum stresses).

Table 1. Central point deflection due to a uniform load and different
actuators voltages

Central deflection ¢ [mm)]
Input Linear Nonlinear Number
voltage [V] | computation | computation — of
consideration K, | iterations
0 1.312 0.978 5
30 1.035 0.850 4
60 0.759 0.687 4
100 0.391 0.399 4
130 0.115 0.193 4
150 —0.0685 —0.592 3

4.2. Dynamic analysis

Results of the dynamic analysis are presented in Fig.5 and Fig.6. The
pictures show the influence of voltage U on changes in first eight natural
frequencies of the analysed plate. For example, it is clearly shown in Fig.5
that drop in the first natural frequency can reach almost 100%.

In Table 2 changes of the natural frequencies are compared. The relative
changes in the natural frequencies of the analysed plate are the biggest for the
lowest natural frequencies.
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Fig. 5. Four first natural frequencies and their changes as a function of voltage
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Table 2. Natural frequencies and their changes as a function of voltage

Natural frequencies f [Hz]

Ulv] fo 1f,fs]l Fo | fs | fo | fo,f8

| 0 | 94.57 | 218.6 | 351.7 | 417.4 | 422.3 | 565.7 |
30 89.77 | 214.1 | 347.1 | 413.3 | 417.3 | 561.0
fro/fn (%] | 534 | 204 | 1.32 [ 0.99 | 1.19 | 0.83
60 84.37 | 209.1 | 342.1 | 408.9 | 411.8 | 556.0

fno/fn (%] | 12.08 | 4.54 | 2.80 | 2.07 | 2.54 | 1.74
100 74.15 | 199.7 | 332.7 | 400.0 | 400.9 | 546.3
fno/fn (%) | 27.53 | 9.46 | 5.71 | 4.35 | 5.33 | 3.55
130 62.91 | 189.5 | 322.7 | 388.8 | 390.3 | 536.1
fro/fn (%] | 50.32 | 15.35 | 8.98 | 7.35 | 8.19 | 5.52
150 48.33 | 176.0 | 310.1 | 372.5 | 377.2 | 523.0
fno/fn (%) | 95.67 | 24.20 | 13.41 | 12.05 | 11.95 | 8.16

Changes in the first six mode shapes of the plate according to the nonlinear
theory, for a mechanical, transverse load of ¢ = 1000 N/m? and for the same
mechanical transverse load and active voltages (U = 150V) are shown in
Fig. 7 and Fig. 8. It can be noticed that the applied voltage brings about that
the fifth and sixth mode shapes change their succession (see Fig. 8b,c).

Although the forces which are formed as a result of activation of the pie-
zoelectric elements are considerable, the changes in the mode shapes are not
significant. The differences between the mode shapes are practically invisible,
at least for the presented example.

5. Conclusion

The elaborated element can be applied for static and dynamic analysis
of plate-like structures with piezoelectric layers. The model has been suc-
cessfully employed to the investigation of the influence of activation of the
piezoelectric layers on changes in the static and dynamic characteristics of a
simply-supported plate. Numerical examples presented in this paper allow the
following conclusions to be drawn

o Stiffness matrix K, of additional stresses influences the results signifi-
cantly
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(a) Firstmode shape
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Fig. 7. Mode shapes of the plate for U =0V and U = 150V
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(a) Fourth mode shape
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e Relative changes in the static characteristics are bigger than those in the

dynamic ones.

e Changes in the natural frequencies of the analysed plate are a function
of the applied voltage.

e Forces which are generated as a result of activation of the piezoelectric
elements are considerable. They influence changes in the natural frequ-
encies significantly.

e Relative changes in the natural frequencies of the analysed plate are the
biggest for the lowest natural frequency.

Using the method described in the paper it is possible to elaborate other

types of elements made of composite layers and PZT elements.

A. Appendix

The linear constitutive equations of a piezoelectric composite plate can be
written as (Sarawanos et al., 1997; Rinat and Bar-Yoseph, 2000)

o; = Cjje; — ey By,

£
DJ = egjgj — klkEk

where 7,7 =1,2,...,5, [,k = 1,2, and

stress vector

strain vector

electric field vector

electric displacement vector
elastic stiffness matrix
piezoelectric stress/charge tensor
piezoelectric permittivity matrix.

g;
€j
Ej
D,
Ci;
€k
£
1k

For the piezoelectric material e;; and kj, are given by

0 0
€ = 0 0
€31 €32
where
€31,€32,€33 —
€15, €24 -

0 0 €15 0 k110 0
0 €924 0 0 fk = 0 kzz
ess 0 0 O 0 0

piezoelectric stress constants
piezoelectric shearing stress constants.

0
k33

(A.1)

(A.2)
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Statyka i dynamika wielowarstwowych plyt kompozytowych z elementami
piezoelektrycznymi

Streszcezenie

W pracy przedstawiono model kompozytowej plyty wiclowarstwowej z aktywnymi
elementami piezoelektrycznymi (PZT). Model zbudowano w oparciu o metode elemen-
téw skonczonych (MES). W pracy pokazano wplyw macierzy sztywnosci naprezen po-
czatkowych K, na otrzymywane charakterystyki statyczne i dynamiczne analizowanej
plyty. Wyniki symulacji numerycznych wykazaly, ze sily powstalte w efekcie aktywa-
cji elementéw piezoelektrycznych sg znaczne i powodujg zmiany w charakterystykach
statycznych i dynamicznych calej konstrukeji; wplywaja na wartosci przemieszczen,
naprezen, czestosci oraz postaci drgan wilasnych. Badania numeryczne wykazaly, ze
aktywne elementy piezoelektryczne powoduja wigksze zmiany charakterystyk statycz-
nych niz dynamicznych. Z kolei, uwzglednienic w modelu sztywnosci naprezen po-
czatkowych w wigkszym stopniu wplywa na zmiane czestosci drgan wlasnych, niz na
zmiane postaci drgan wiasnych.
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