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The nonlinear response of a three-degree-of-freedom vibratory system with
a double pendulum in the neighborhood of internal and external resonances
has been examined. Numerical and analytical methods have been applied
for these investigations. Analytical solutions have been obtained by using
the multiple scales method. This method is used to construct first-order
non-linear ordinary differential equations governing the modulation of am-
plitudes and phases. Steady state solutions and their stability are computed
for selected values of the system parameters.
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1. Introduction

In complex three-degree-of-freedom vibrating systems with elements of pen-
dulums suspended on a flexible element, the autoparametric excitation as a
result of inertial coupling may occur (Sado, 1997). Dynamic systems of this
kind with two degrees of freedom were widely discussed in the literature as
autoparametric vibration eliminators (Bajaj and Johnson, 1990; Bajaj et al.,
1994; Banerjee et al., 1996) or other structural components (Samaranayake
and Bajaj, 1993; Sado, 2002; Shoeybi and Ghorashi, 2004). The effect of a
parametric or autoparametric excitation on a three-mass system was studied
by Tondl and Nabergoj (2004). Numerical simulations of a two mass system



142 D. Sapo, K. Gajos

with three degrees of freedom with pendulums hanging down from a flexibly
suspended body was investigated by Sado (2004) for an elastic pendulum and
by Sado and Gajos (2003) for a double pendulum.

This paper describes the analytical solution of a three-degree-of-freedom
system with a double pendulum. As it is a vibrating system with changing
values of amplitudes and phases, in the analytical investigation the method
of multiple scales was applied (Nayfeh and Mook, 1979). This method was
used by several researchers (Ertas and Chew, 1990; Ji and Leung, 2003; Moon
and Kang, 2003; Cevik and Pakdemirli, 2005; Rossikhin and Shitikova, 2006).
Eliminating secular terms, we can observe conditions when the phenomenon
of internal and external resonances is possible. Next, for the conditions of such
resonances, steady-state solutions were investigated.

2. Equations of motion

The investigated system is shown in Fig. 1. The system consist of a double
pendulum and a body of mass m suspended on a flexible element of rigidity k,
thus S(y) = ky. The pendulum of length [; and mass ms hangs down from
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Fig. 1. Schematic diagram of the considered system

the body of mass my. The pendulum of length l5 and mass mg is suspended
on the body of mass ms. It is assumed that a linear viscous damping force
acts upon the body my (R(y) = c19), and a linear damping momentum acts
upon the pendulum of mass mao (Mi(¢1) = c2¢1), and a linear damping
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momentum applied in the hinge opposes motion of the pendulum of mass mg
(Ms(p1,92) = c3(v2 — $1)). The body of mass m; is subjected to a harmonic
vertical excitation F'(t) = Py cos vt. This system has three degrees of freedom.
As generalized coordinates, the vertical displacement y of the body of mass m;y
measured from the equilibrium position and the angles 7 and ¢y of deflection
of the pendulums measured from the vertical lines are assumed.

The equations of motion are derived as Lagrange’s equations

(ma +ma + m3)ij — l1(ma + m3)P1 sin 1 — malags sin g +
—(mg + mg)llcp% COS (] — mglggb% cos g + ky + c19 = Pycos vt
—(ma + m3)jsin ey + (ma + ms)l1$1 + msla@s cos(p2 — 1) + (2.1)
—mglagh sin(pa — 1) + (ma + mg)gsin @y + car — c3(P2 — ¢1) =0
—ijsin g 4 11B1 cos(pa — 1) + laPpe + 1193 sin(ps — @1) +
+gsinps + c3(p2 — 1) =0
Next, we introduce the dimensionless time 7 = wyt and the following defini-
tions

Y Yst mo
Y11=+ Yist = 5 dy = —
l1 I mi
ms dy da
2= T 14 d +do YT d + do
d
ds = d3 + dy dG:d_4 d7 =1+ dg
3
k g g
2 2 2
wy = Was = — whs = =
L7 my +ma +mg 270 37 1 (2.2)
ls w2 €1
€= ll 51 N w1 N mowi
__ 2 __ 98 _v
"2 mgl%wl s mgl%wl H w1
N mgllw%

3. The method of multiple scales

In order to find approximate solutions to equations of motion we use the
method of multiple scales (Nayfeh and Mook, 1979). Partially, this problem



144 D. Sapo, K. Gajos

for a system with a double pendulum was presented by Sado and Gajos (2005).
For small oscillations, after transformations the equations of motion can be
written down in the form

g1+m _d5(901 + %%)¢1 - d4c(<,02 + %§)¢2 - Sb%ds( - %%) +

—d '2(—(’”—% = —dsyi + d
41CP5 1) 37191 + dsp cos(uT)

3
501 — ZL) g + dac(p109 —— = — )2
ds 1 d5(cp1+‘p) +dic(prp2 +1 L “’1) +

6 4 4
3 2 3 2 3
) Y1 ¥2 ¥2 Y1 2 Y1
+d40902(901 + AT A sﬁzz) +ds 07 (901 + F) +
+ds[y2$1 — v3(P2 — 1)) = 0 (3.1)
3 2 2 3 2
. Vo .. ©9 P1Y - .2 ¥1 ¥2
P — (902 + F)yl + (901902 tl-"7- Z)sol - 901(901 t5 gt
3 2 3
¥2 ¥1 2 @y dac . .
—p2— =+ )+ Bi(p2+ = — 22 —¢1) =0
P2 cp4) 2o 6 a4, P a)
We introduce independent variables
{To, Ty, Ts, ..., Ty} = {7,er,e%7,..., "7} (3.2)
and parameters
p1 =Py Y1 =M Y2 = €72 V3 = €73 (3.3)

Solutions to the dimensionless equations can be represented by

Y1 = eyi0 + %Y1 + ...
p1=cp10+ P11+ ... (3.4)
P2 = epa0 + 2o + ...
It follows that the derivatives with respect to 7 become expansions in terms
of partial derivatives with respect to T, as
d 0 0 5 O

— = —te—+e—+...=Dy+eD; +’ Dy +...
e 8T0+88T1+€ 8T2+ ot+eb+e" Do+

(3.5)
d—2— o +e€ o + €2 o +e€ o + €2 o + € o +.oo=
dr2 91§ = 0TooTh oTo0T, ' ~OT10T, oT? oT,0T,
82 82 9 82 82
= oz P onern T F (omam + a—Tf) e

= D3 +2eDyD; + €*(2DgDy + D?) + ...
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Substituting (3.3) and (3.4) into dimensionless equations (3.1) and equating
the coefficients standing at ¢! and €2 on both sides, we obtain:
— for &'

D¢yi0 + y10 =0
D10 — defBipa0 + dr oo =0 (3.6)
Dipa0 — dzB3510 + d7f33 020 = 0
— for &2
Dgyi1 + y11 = —2DoD1y10 + ds(Dowro)? + dac(Dowao)? + dap cos(ur) +
—dsv1 Do1o + 2dsds 570109020 — deds Bro5, — j—iﬂfﬁﬁfo

D11 — df3pa1 + d7Bi1r = —2DoD1w10 — dryroeio + deyiopao + (3.7)

(73 + 72 + 73)D09010 + (73 + )Do

Do — —(d7512<P11 — d7[2p91) = —2DgD1pag + — (d7y10cp10 — d7y1020) +

d
773 —~=(Dow20 — Dopio) + v2Dow10 — v3(Dow20 — Dowio)

General solutions to equations (3.6) can be represented by
le(TO,Tl,TQ) = 141(’T17 2)elw1To +A1(T1,T2) —iw1Tp

210(To, 11, To) = As(T, To)e™ ™0 + As (T, Tp)e™ 210
+A3(T1, To)e™ ™0+ Ay (11, Ty)e ™10 (3.8)

©020(To, Ty, To) = A Ag(Ty, To)e™2T0 Ay Ay(Ty, Ty)e @210 4
+A3A3(Ty, Tp)e™ ™0 + A3 A5(Ty, Tp)e~ =370

We find natural frequencies of system (3.6) by substituting
y1 = 4170 + cc o1 = A2e™T0 + cc @2 = AAge™®T0 1 cc (3.9)

where cc represents the complex conjugate, and using the condition that the
determinant of the matrix of coefficients is zero. In this case

w1 =1

and

Wiy = %[—dﬁ%(l + %) + ﬁ%\/d%(l + %)2 - 4did6]
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g = —w3 5 + dr 0
’ de 3}
Amplitudes and phases can be found by substituting (3.8) into (3.7). We obtain
a system of equations

Dgyn + Y11 = —QiAlleiTO + d5(—w§A§e2m2TO — nggemngo +
_‘_2@2@312143&(53 —w2)To —2@2531421436““)2 +ws)To + ZE%AQZQ + 2@%14323) +
+dye(—w5 A3 43790 — A3 A3PT0 4 00w Ay Ay Ay Age @3 —=2)T0
—2@2@3/12142/1314361(52+53)TO + 2@%A2A2Z2Z2 + 2@%/13A3Z3Z3) +

1 . . _ _
—I—§d3pel‘uTO — dgyliwlAlelTO + 2d5d6ﬁ% [AgA%GzleTO + A3A§e2lw3TO + (3.10)

+(A9 + ZQ)AQZQ + (A3 + Zg)Ang + (A + Ag)AgAgei(wﬁ-ws)To +

+(Ay + A3) Ay Azl @5 =F2)T0] gy dg 33 (A3 AGe@2T0 4 A3 AZe?@sTo

_‘_2]212/1314361(53—52)710 + 2A2A2A3A3ei(wz+w3)To + ZAQAQZQZQ +

ds ot
d

+2A3A3Z3Z3) — (A%einzTo + z‘1i2;,e2iw3TO + 2A2Z2 +
3

+2A323 + 2A2A3ei(52+53)To + QZQAgei(DS_DQ)TO)

Dip11 — deBipm + drfip1 = —2iwa Aye™2T0 — 2imz Al e@sTo 4
—dp( Ay A (HFDTo 4 A, Tl (1-F2)T0 4 Ay Aol (14T)T0 | ) Aei(—1400)T0y
+d6(/12A1A2ei(1+@)T° +Z2Alz2ei(l—wz)To + ASAlAgei(l—l—Ga)To + (3.11)
+ A5 A Agel T1TRT0) (73 +2+ 73)(10.)2A2€M2T0 + iwg Aze@sT0) 4

+(73 + B) (iwa A Age™?T0 4 iw3 A3 Aze™@3T0)
C

d7ﬂ1 d751

ou 21 = —2iwg A A @20 — 2iw3 A5 AlLesT0 4

Do —

d? (AlA el(14+32)To + A Age! i(1—w2)To + A Ageél i(14+w3)To —I—A1A3e( 1+D3)T0) +

d7(A2A1A BI04 7y A Al -82)T0 1 g3 4 Agel(H@)T0 1 (3.12)
_ . — d — —
+A3A1Agel(_l+u)3)TO) _ (7_,73 + E + 73)0@214261(02'1}) + iw3AgeW3TO) +

d _ _
_( ;YS + 73)(ing2A2eW2TO + 153/1314361%%)
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In this work, we analyze one combination of internal resonances and the exter-
nal resonance
w=1 209 =1 W3 = 3wo

We introduce detuning parameters oy, o9, o3 defined by
2wy +e01 =1 w3 = 3ws + €09 w=1+¢eos (3.13)

Substituting (3.13) into equation (3.10) and eliminating terms that produce
secular terms, we obtain

—2iA/1 + 2[d5 + dycAyAs + d5d6ﬂ%(Z2 + A3) — d5d6ﬂ%Z2A3 +
d? — :
—fﬁ%}wgngQAgelTﬂ—M@) — (ds + dac/3 — 2d5dgB3 42+ (3.14)
3
2 42 dg 2 2 42 ,,—iT 1 io3T :
+d5d6ﬂ1/12 + d_3ﬂ1)52A2e_1 101 + §d3p6103 1 d3711@1A1 = 0

By introducing

1 . 1 . 1 .
Al = —alelo‘l A2 = —a2€1a2 Ag = —a361a3 (315)
2 2 2
and
91:2()42—@1—T10'1 92:()43—()42—611—T10'1+T102

(3.16)
93 = -1 + T10'3

into (3.14), we obtain the first modulation equation

. 1 s 1 . 1 . 1.
—ia) + a1 + Zflagage 102 4 ngagelel + §d3pe193 _ §1d371a1 =0 (3.17)

where
_ _ 21 » 2d3 3¢
fl = 2d5&)2&)3 + 2d4cw2w3/12/13 + 2d6d5ﬂ1 (/12 + /13 — /12/13) — d
3
d2ﬂ2
fo = —d5w% - d4cw§/1§ + d5d6ﬁ%(2/12 - A%) - EC)Z !
3

To determine the solvability conditions of (3.11) and (3.12), we seek for par-
ticular solutions in the form

Y11 = Plleiw2T0 + P12eingo Y21 = P216152T0 + PQQGiDSTO (3.18)
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Substituting particular solutions (3.18) into equations (3.11), (3.12) and using
resonant conditions (3.13) and equaling the coefficients of exp(iw2Tp) and
exp(iw3Tpy) on both sides, we obtain system of four equations

~W3P1 — d¢f$2Poy + d7 31 P11 = Ry

(3.19)
d 2
—w5 Py — 7T51(P11 + Py1) = Ry
and
~W3 P12 — dgfi Pag + d7 31 Pia = Ria
(3.20)
d 2
—w3Pog — %ﬁl(Pm + Py) = Ro
where

Ry = —2iwy Ay — d7(A1Z2eiT1“1 +Z1A361Tl(02—01)) +
+d6(A112Z2€iT101 + ZlA3A3eiT1 (02—01)) +

- (% T2+ ’YB) (i Ag + (% + ’Ys) (itwg A2 A
Roy = —2iwy Ayd Ay — dy (A Age1or ZlAgeiTl("Q—"l)) +

—l—ﬁ(AleZQGiTlUl + ZlA?)A?)eiTl (02_01)) +
C

d7ys Y2 Y3\ ,._ drys Y3\
HTor ) @y = (T ) (@A
R12 _ —21@314& B d7A1A2eiT1(—og+crl) + d6A1A2A2eiT1(—02+01)) +

(2 4y +73) (@345 + (2 +73) (i3 4343
c C
. d .
Ry = —21@314%/13 i d7A1A2elT1(—02+01) _ %A1A2A261Tl(—02+01)) +
d7ys Y2 Y3\ . drys | Y3\ i
H(T s = (557 + 2 ) @ As Ay

We reduce the problem of determination of the solvability conditions of equ-
ations (3.11), (3.12) to finding solvability conditions of equations (3.19) and
(3.20).The determinants of the coefficient matrices of equations (3.19) and
(3.20) are the same and equal 0 according to conditions on the natural frequ-
encies of system (3.6).
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Then the solvability conditions are

R —d

d
Ry —w5+ et

c
for equations (3.19) and

Riy  —deff

d
Ryy —w3+ 7751

for equations (3.20).

149
=0 (3.21)
=0 (3.22)

Substituting (3.15) and (3.16) and after some transformations, we obtain

two modulation equations

—ia'+ao/+£a e 0 4 f5 aaei€2+f1a =0
2T Y o, 1 Afswg 0 23 7 (3.23)
i ! f8 —i6o f _
laz + azag + 11 aia + 2!}(,71(13 0
where
d
fz=—-w5 + 7—51 + dg Ao 57
d _ ded-13? _
£y = (—wg + 7—61)(—d7 + dg ) + = 7 (1-1,)
¢ c
d- 33 dgd
f5= (—53 + 7—61)(—07/7 + dgA3) + = e (1—43)
¢ c
oy diBiNT g
_ (=2 TP\ B _ 13
fa—(W2+ c )[ . s 72+A2(C+73)}+
d d
—661 [—773 + 793 + 72 — Az (—773 + 73)} (3.24)
¢ ¢
o _2 751
fr= 3+ — +d6/13ﬁ1
dedr 32
[z = ( w3 + 7—61)(—07/7 + dgAz) + %ﬁl(l — Ag)
d?ﬁl 73
fo= (— +— )[———73—72+/13( +73)] +
d d d7y
6—61[7—%+’Y3 +’Y2—/13(—+’Y3)}
¢
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To separate the real and imaginary parts of modulation equations (3.17),
(3.23) and (3.24), we have to transform exp(if) into a complex form
exp(if) = cos § + isin §. We obtain six modulation equations

1 1
a} = asazfisinfy + a%fg sin 61 + §d3p sin 03 — §d3’yla1

1
aja)] = —asazficosfy — a%fg cos 1 + §d3p cos 03
ah = —4ff4_ ajas sin 07 + 4ff5 ajas sin 0o + %ag
3W2 3W2 3
(3.25)
asal :—Laa cos b1 — fs ajas cosf
20y 1f5 102 1 4f3w213 2
/ 8 f
Qy = — ajag sin @y + —ag
s 4 f7w03 2f7
asah = — fs ajas cosf
3003 1,55 102 2

From these equations, we look for steady-state motion. In this case, we have

/ / /
CLl = 0 CL2 = 0 CL3 = 0
) ) ) (3.26)
91 — 0 92 — 0 03 — 0
We obtain a system of equations
1 1
asag f1sin By + a%fg sin 64 + §d3p sin 03 — §d371a1 =0
1
—asag f1cos bty — a%fg cos b + §d3p cosfs3 —ajo3 =0
—4ff; aias sin 0 + 4ff5 ajassin Oy + %ag =0
3W2 3W2 3 (3.27)
e ajas cos By — > ajag cos By — agw =0
4 f3w2 4 f3w2 2
I8 fo
— aias sin O + —(13 =0
4 f7w3 2f7

S a1as cos By — a3303 — 202 1 301 =0
4 f703 2
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After transformations, we get amplitude equations

fiata3 — A[f§ + f2(303 — 200 + 301)|@3a3 = 0
fifiatas — (2fs fowza3 + 2fe fswaa3)® +

—[2f5f753(303 — 209 + 301)a§ — 2f3f852(03 + 0'1)615]2 =0 (3 28)

fifidip*al — [Afows(faf1 + fofa)as + Afefsfowaas — fafsdsyrai]® +
+Afr@3(faf1 — f5f2)(303 — 209 + 301)a3 + 4f3fs fowa(oz + 01)as +
—fafsosai)® =0

From equations (3.28), we obtain

aé[—%a% + (hg — hfgl)a% — h5} =0 (3.29)

We have two types of solutions, and these possibilities are examined in turn:
— case | — one-frequency solution

az =0 then a3 =0 and a}(hioa? —hy) =0

so
a; =0 or ay = hr (3.30)
hio
— case II — multi-frequency solution
h% (11 — (hg — h—g)al + h5 =0 (331)
S0
hg — e 4\ /AY
a] = 22%4 (3.32)
h3
where - ——
2
Ay = (Ja 60N E a5 R
1 ( 3 h3 ) h%

and from (3.28)

— (—hffl a‘ll + hlla%) + A hy
ag = az — h_ ai1ag (3.33)
3

h3hs hish
2(Hztal + Ml + ho)
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where
hizhy v 2 hihs 4  hizhi o2
Ay = ( hs 1+ hllal) - 4( hg aq hs 1+ hg) (hloal h7a1)
and
h1 ng h2:4w§(f92+f72)(303—202+301)2
h3:fz%f§ h4—4f5W3[f9 +f7(30'3—202—|—30'1) ]

hs = 4f3W31f5 + f3 (03 + 01)7]

he = 85 fswaws[fefo — f3f7(30'3 — 209 + 301) (03 + 01)

hr = ff3d3p® = f1f3(d37 + o3)

hs = 16f5@3(faf1 + f5f2> +16£7@5(faf1 — f5£2)* (305 — 202 + 301)°
hy = 16 f¢ f3 f3@5 + 163 f3 fews (03 + 01)?

hi1 = —8f1f3@a[fe fodsm1 + fafs03(03 + 01)]

hia = 32fswows[fo f (fafr + fofo) +
+f1f3fr(fafi — f5f2) (303 — 209 + 301)(03 + 01)]

hi3 = =8 f1fsws[fodsvi(fafr + f5f2) + fros(fafi — f5f2) (303 — 202 + 301)]

Both cases of solutions (one-frequency and multi-frequency) are presented
in Figs. 2-5. In Fig. 2 and Fig. 3 amplitudes a1, a9, ag are plotted as functions
of the amplitude of excitation p. We can see the jump phenomenon associa-
ted with the varying amplitude p. We have regions where two of the three
solutions are stable. The initial conditions determine which of these solutions
gives the response. We can clearly see the saturation phenomenon, when the
amplitude aq assumes its maximum value for stable solutions.

In Fig.4 and Fig. 5, these amplitudes are presented versus the detuning
parameter 1. We can see the jump phenomenon associated with the varying
frequency wy according with the amplitude a;.

4. Conclusions

The multiple scales method can be used to find an approximate solution for a
system with three degrees of freedom with variable amplitudes and phases. We
can find resonance conditions (sometimes the resonance area is very narrow
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Fig. 2. Amplitudes of the response as functions of the amplitude of the excitation;
dy =09,dy=1.6,c=1, 81 =0.67082, u =1, 3 = 0.0001, 2 = 0.00001,

p

v3 = 0.00001, 01 = 09 = 03 = 0

2 0.58 “ //
0.57 i 4
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0.002 \\\:unstable
0 | |
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p

Fig. 3. Amplitudes of the response as functions of the amplitude of the excitation;
d1=09,dy,=16,c=1, /, =0.67082, p =1, v1 = 0.0001, 2 = 0.00001,
Y3 = 0.00001, 01 = 09 = 03 = 1
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a10<66 stable .
0.62 = unstable

0.58 ‘ |
0.54 T [
T ]
2, 03 e
02 /V

01 | stable
l = unstable
0

4,.0.006{— stable | =
30.004|| = unstable| | "
: -
‘/
0.002 A'

I | | | | |
2 A 0 1 2,

Fig. 4. Frequency-response curves; d; = 0.9, do = 1.6, c =1, #; = 0.67082, u = 1,
p=4.4, v = 0.0001, v = 0.00001, v3 = 0.00001, 02 =0, 03 =1

a10‘667 | stable
0.62 = unstable

0.58
0541 |

0.3 <g—t

a

202 \7\‘\[
01 stable
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| | | | | [

] [ [
as 0.006 \\‘ 1 stable
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‘\
0.002 ~.

|
0 | | | | | |
-2 -1 0 1, 2

Fig. 5. Frequency-response curves; d; = 0.9, do = 1.6, c =1, 5, = 0.67082, u = 1,
p=4.4, v1 = 0.0001, v = 0.00001, v3 = 0.00001, o2 =0, 03 = —1

and difficult to find numerically). It is possible to investigate steady state
solutions for different combinations of external and internal resonances. We
can observe regions where the solutions are stable or unstable, and can clearly
see the saturation phenomenon.
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Analiza drgan dynamicznego uktadu z podwéjnym wahadlem o trzech
stopniach swobody

Streszczenie

W pracy przebadano drgania nieliniowego ukltadu o trzech stopniach swobody
z podwojnym wahadlem w otoczeniu rezonanséw wewnetrznych i zewnetrznych. Ba-
dania przeprowadzono analitycznie i numerycznie. Rozwiazanie analityczne uzyskano
przy uzyciu metody wielu skali czasowych. Metoda postuzyta do zbudowania nielinio-
wych rownan rézniczkowych pierwszego rzedu opisujacych modulacje amplitud i faz.
Rozwiazanie ustalone i jego stabilnos$¢ zostaty przedstawione dla wybranych wartosci
parametréw uktadu.
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