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The consistently linearized eigenproblem is used to derive mathematical conditions in the
frame of the Finite Element Method (FEM) for loss of static stability of elastic structures
at prebuckling states characterized by a constant percentage bending energy of the strain
energy in the prebuckling regime. Special cases of such prebuckling states are membrane
stress states and pure bending. Buckling from a membrane stress state as a special case
within sensitivity analysis of buckling at a constant non-zero percentage bending energy in
the prebuckling regime is one of two examples serving the purpose to verify the existence of
hitherto unknown subsidiary conditions of buckling in the context of the FEM.
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1. Introduction

Special prebuckling states are defined as states with a constant percentage bending energy
of the strain energy in the prebuckling regime. Special cases of the constant percentage
bending energy are:

e zero percentage bending energy (membrane stress state) and

e zero percentage membrane energy (pure bending).

The consistently linearized eigenproblem (Helnwein, 1997) will be used to derive mathemati-
cal conditions for loss of static stability of elastic structures at special prebuckling states in the
frame of the Finite Element Method (FEM). The difference between buckling from a membrane
stress state in the frame of sensitivity analysis restricted to such stress states and buckling from
a membrane stress state, representing a special case of loss of stability at states with a constant
percentage bending energy of the strain energy in the prebuckling regime, will be brought out
theoretically and verified numerically.

The paper is organized as follows: In Section 2, the consistently linearized eigenproblem will
be used for derivation of mathematical relations for general prebuckling states. These relations
will then be specialized for the stability limit. In Section 3, the relations derived in Section 2 will
be specialized for the initially mentioned special prebuckling states. In Section 4, results from
a numerical investigation will be presented. Section 5 contains the conclusions drawn from this
work.
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2. General prebuckling states

The consistently linearized eigenproblem for FE analysis of a conservative system with N degrees
of freedom is defined as (Helnwein, 1997)

[Kr + (A = M)K7palvi =0 (2.1)
where
Kr()) == Kr(q()) (2.2)

is the tangent stiffness matrix and
Krx(A) = Kra(q(A), ) (2.3)

indicates differentiation of K with respect to the load multiplier X along a direction parallel to
the primary path q(A) (Schranz et al., 2006). In (2.1), A* — )\ is the eigenvalue corresponding to
the eigenvector v*. \* and v* are functions of A. Equation (2.1) represents a set of N implicit
equations defining N curves in the (A" — A)-space. Thus, it has got N solutions (A}, v]),
je{1,2,...,N}.

Writing (2.1) for the first eigenpair gives

[Kr + (A = VKralvi =0 (2.4)
Hence, the following orthogonality relations must hold

ViKrvi =0 viKravi =0 ke{23,...,N} (2.5)
Derivation of (2.4) with respect to A gives

ARz + (= NRrlvi + [Kr + (= VRpalviy = 0 (2.6)

Premultiplication of (2.6) by v} and consideration of (2.4) yields

. N v’ff{T,,\)\vik
A=—N - A)—=""+ (2.7)
Normalization of the eigenvector such that
vil=1 (2.8)
results in
vivi, =0 (2.9)
Since the eigenvectors v, j € {1,2,..., N}, are a basis of RY, Vi)\ can be expressed as
N
Via= Z c15V; (2.10)
j=1

Substitution of (2.10) into (2.9) and consideration of

vivi =0 ke{23,...,N} (2.11)
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gives
C11 = 0 (212)

Premultiplication of (2.6) by v} and consideration of (2.5), (2.10), and

Kz + (AL — VKralvi =0 (2.13)
yields
C1p = —;11__?]{ Vv’f:é?:v‘: ke{23,... N} (2.14)
Introducing the abbreviation
A =Ry + (N - VKr.s (2.15)
into (2.4), gives
Avi=0 (2.16)

The first, second, and third derivative of (2.16) with respect to \ are obtained as

A v+ Avik’k =0
A oavi +3A 0V +3A VI L AV L =0

where

A =M LKrn + (A = MKroan
Ao = M 0Kz + (207 ) — DKoo + (AT = M)Kr (2.18)
A = A Ky + 30 0K + A — 2Kz + (A = VKroan
The focus of the present work is on the influence of special prebuckling states on loss of
stability. Apart from the fact that buckling in the form of snap-through is impossible for some of

these states, it is irrelevant to this work whether loss of stability occurs in the form of bifurcation
buckling or snap-through. For the latter mode of buckling

dA\(\g) =0 (2.19)

where A = Ag refers to the stability limit. Hence, A would not be a good choice for parameterizing
the equilibrium path in the vicinity of the snap-through point. A detailed account of treating
snap-through by means of the consistently linearized eigenproblem is given in Steinboeck et al.
(2008). For the aforementioned reasons and for the sake of simplicity, it is assumed that loss of
stability occurs in the form of bifurcation buckling.

At A= Ag

Krvi =0 (2.20)
Hence, following from (2.13)

AT(As) = Ag vi(As) = vi (2.21)
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Substitution of (2.21) into (2.7) and (2.14) gives

AMa(As) =0 (2.22)
and

c1x(A) =0 ke{23,...,N} (2.23)
respectively. Inserting (2.12) and (2.23) into (2.10) yields

Via(s) =0 (2.24)

indicating a singular point on the vector curve vj(\). Specialization of (2.15) and (2.18) for the
stability limit results in

A =Kr
A,=0
A,/\/\ = )\T,,\,\RT,A - RT,/\)\

Ao = Ao Kr + 3A7 u Koo — 2K oon

(2.25)

Because of (2.24) and (2.25)3, (2.17); is trivially satisfied for A = Ag. Specialization of (2.17)2 3
for A = Ag gives

N nKra — Krpnvi + Krviy, =0 (2.26)
and
N Kz + 33 n Kz — 2Kronvi + Krvi, =0 (2.27)

respectively. Elimination of IN(T7 Vi in (2.27) with the help of (2.26), followed by premultipli-
cation of the result by v; and consideration of (2.20), yields

v K Vv
T = 33, 2 (2.28)

viK7 vy

For buckling at general prebuckling states, for mechanical reasons beyond the scope of this
work,

viKr oavi

i/\)\()\s) < 0 )\i)\/\)\()\s) < 0 = > 0 (229)
viKr vy
Because of
viKr vy <0 (2.30)

Mang and Hoéfinger (2012)

V11~<T,>\)\>\V1 <0 (2.31)
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3. Special prebuckling states

As mentioned at the beginning, special prebuckling states are defined as states with a constant
percentage bending energy of the strain energy in the prebuckling regime. For such prebuckling
states, (2.17)3 disintegrates into (Mang, 2011)

A viy=0 A A onvi +3A VI HAVI =0 (3.1)

At the stability limit, (3.1); is trivially satisfied and (3.1)2 degenerates to (2.27), as is the case
with (2.17)3 for buckling at general prebuckling states. However, instead of (2.29), for buckling
at special prebuckling states

viKroavi

Ao =0 >0 (3.2)

viKr vy

In contrast to (2.31), the numerator in (3.2)2 may become zero. For a constant non-zero per-
centage buckling energy of the strain energy in the prebuckling regime

V11~<T,>\)\>\V1 3
1a(As) <0 Alan(As) =0 —= = 5)\32,\,\()\5) (3.3)
viKrvi

3.1. Membrane stress state

A membrane stress state represents a special case of a state with a constant percentage
bending energy of the strain energy, namely, one with zero percentage bending energy. For such
a case, (2.17)y disintegrates into (Mang, 2011)

A wvi=0 A 2A ) \ViA+ AV =0 (3.4)
Derivation of (3.4); with respect to A gives

A oavi + Ay)\,\vi)\ =0 (3.5)
Substitution of (3.1); into (3.5) yields

A v =0 (3.6)
Substitution of (3.6) into (3.1)2 results in

BANVI N TAVI =0 (3.7)

At the stability limit, taking (2.24) and (2.25)9, into account

A wv1=0 A v =0 (3.8)
AVT,,\,\ =0 AVT,,\,\,\ =0
Making use of (2.25)3 4, and (2.25);, gives
N uKra — Kronlvi =0
[ 1,A)\ ) ’ ] (3.9)

[)\T,AMKT,)\ + 3)\T,,\)\I~<T,/\)\ - QRT,)\/\)\]Vl =0

and
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via=0 vViaa=0 (3.10)

respectively, noting that vi ,, and Vi yu are not eigenvectors of A(Ag) = Kr.
Premultiplication of (3.9); by v and consideration of (2.5) yields

viKravi =0 ke{2,3,...,N} (3.11)
Premultiplication of (3.9)2 by vj and consideration of (2.5)3 and (3.11) results in

viKraav: =0 ke{23,...,N} (3.12)
In contrast to (2.5), the orthogonality relations (3.11) and (3.12) are restricted to the stability
limit.

Buckling from a membrane stress state obeys (3.2) and (3.9)-(3.12). Specialization of (3.9)9
for AT \x» = 0, which is a special case of (3.2)1, gives

[BA Kz — 2Kz anlve = 0 (3.13)
Elimination of K7 yyvy in (3.13) with the help of (3.9); yields
BAALKT A — 2K7 v =0 (3.14)

An eigenvector of a square matrix cannot correspond to two distinct eigenvalues (Wylie, 1975).
Hence, the eigenvalue of (3.14) is obtained as

i)\)\ - 0 (315)

Substitution of (3.15) into (3.9); and (3.13) results in the following remarkable subsidiary buck-
ling conditions (Hofinger, 2010)

RT,/\)\Vl =0 A RT,)\/\)\Vl =0 (3.16)

The mechanical meaning of this special case is buckling from a membrane stress state as a special
case in the frame of sensitivity analysis of buckling at a constant non-zero percentage bending
energy of the strain energy in the prebuckling regime. Satisfaction of (3.3)2 by (3.15) and (3.16),
proves this interpretation.

YYYYYYYYVYYVYYYITYY

-

Ax >

~N

! |

V.

Fig. 1. Two-hinged arches (solid line: thrust line arch, dashed line: modified configuration)

An example for such a sensitivity analysis, in the frame of the FEM, is a parameterized family
of two-hinged arches, subjected to a uniformly distributed load p (Mang and Hofinger, 2012).
The design parameter Ak refers to the deviation of the geometric form of the axis of the arch
from a quadratic parabola for which Ax = 0, representing a thrust-line arch (Fig. 1). Hence,
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for Ax = 0, buckling occurs from a membrane stress state. Numerical results from sensitivity
analysis of the mentioned family of arches will be presented in Section 4.

The general case of (3.2); is characterized by Al > 0. It refers to sensitivity analysis
restricted to buckling from membrane stress states.

An example for such a sensitivity analysis is a von Mises truss with an elastic spring attached
to the load point (Fig. 2). The stiffness of the spring is given as «k where k is a constant and
k is the variable design parameter. P is the reference load. Numerical results from sensitivity
analysis of the von Mises truss will be presented in Section 4.

>

Fig. 2. Von Mises truss with an elastic vertical spring attached to the load point)

In Mang and Hoéfinger (2012) it is shown that

viKrnga =0 (3.17)

is a necessary and sufficient condition for buckling from a membrane stress state. The general
case

Kz # 0 q#0 (3.18)
represents a nonlinear stability problem with nonlinear prebuckling paths. The two special cases

K 0 =0

K7\ # AN (3.19)

Kra =0 am #0

show that linear stability problems and linear prebuckling paths need not be mutually conditio-
nal. The third special case is obtained as

RT,AA =0 q =20 (3.20)
For the special case of a linear stability problem
Kr = Ko+ MK, (3.21)

where K is the constant small-displacement stiffness matrix and K, is the constant initial
stress matrix evaluated with the help of the stresses obtained from the first step of the analysis
(Zienkiewicz and Taylor, 1989). Substitution of (3.21) and of

Ky =K, (3.22)
into (2.4) gives

Ko+ N K,]vi =0 (3.23)
Since Ko and K, are constant matrices (Fig. 3)

A\ = const A v = v; = const 3.24
1 1
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Fig. 3. A\] — X diagram for a linear stability problem

3.2. Pure bending

Pure bending represents the second special case of a state with a constant percentage bending
energy of the strain energy, namely, one with zero percentage membrane energy. For such a case,
(2.17); disintegrates into Mang (2011)

A,vi=0 A Avi,=0 (3.25)

Since v7 , is not an eigenvector of A

via(A) =0 VA (3.26)
Thus,
vi(A) = vi = const (3.27)

Substitution of (2.18); and (3.27) into (3.25); gives

NAKza+ (A = MKz alvi =0 (3.28)
Premultiplication of (3.28) by

vi(A) = v = const (3.29)
and consideration of (2.5)y yields

viKravi =0 VA ke{23,...,N} (3.30)

In contrast to (3.11), (3.30) is not restricted to the stability limit. In Aminbaghai and Mang
(2012) it is shown that

Kr =Ko+ MK, + K|, (3.31)

where K7 (q()\)) denotes the large-displacement stiffness matrix (Zienkiewicz and Taylor, 1989).
For A=0

K. =0 (3.32)
Specialization of (2.4) for A = 0, considering (3.31) and (3.32), gives

Ko+ M (Ky+Kpa)vi=0 (3.33)
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where

(KU + KL)\)Vl =0 (334)

(Aminbaghai and Mang, 2012), which requires
Al = o0 (3.35)

(Fig. 4).
At the stability limit

AT on(As) =0 ATa(As) >0 (3.36)

as follows from (3.3)2 and Fig. 4. Hence, the curvature of the curve Aj(\) becomes a minimum
at S.

XA

|
P |
/ |
XE |
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Fig. 4. A} — X diagram for the buckling from a pure bending stress state (lateral torsional buckling)

-y

For all other cases of the buckling at prebuckling states characterized by a constant non-zero
percentage buckling energy of the total strain

Al aan(As) =0 Ala(As) <0 (3.37)

Hence, lateral torsional buckling is not a special case of these cases.

4. Numerical investigation

4.1. Sensitivity analysis of two-hinged arches subjected to a uniformly distributed load
(Fig. 1)

The span of the arches [ is chosen as 6 m, the rise of the thrust-line arch h as 2.4 m, and the
side length of the constant square cross-section as 0.07 m. The geometric form of the axis of the
arch is given as (Mang and Hofinger, 2012)

4h l—
x €10,1] y= l—2x(l —z)+ Amsin( 7 xﬂ) (4.1)

The modulus of elasticity is assumed as 2.1- 10 N/m?. FEAP (Taylor, 2001) was used for
sensitivity analysis of bifurcation buckling of the arches by means of beam elements. The system
was discretized, using 100 beam elements available in the FEAP version 7.5. This discretization
was sufficient to obtain numerically stable results for the load-displacement relations. For the
chosen configuration of arches, bifurcation buckling with an antisymmetric buckling mode is
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relevant (Mang and Hofinger, 2012). Figure 5 shows the Euclidean norms [[Kza\vi|2 and
||I~{T AV |2 as functions of the design parameter Ax. They were computed, employing a scheme
for numerical differentiation of higher order of the global tangent stiffness matrix RT(A) by using
function values at five interpolation nodes. As soon as the discretization was fine enough to get
reliable data for the load-displacement relations, no significant dependency of the calculated
values of the norms on the number of elements was observed. For the special case of a thrust-
line arch

K7 pavill2 = 0 Kz vl =0 (4.2)
which confirms (3.16).

0.4

_ (a) ___0.003F (b)
S 5
5 0.3F 3
1 W 0.002r
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01k 0.001}
0 1 0 1 5 00 ' ! :
-2 - An -150  -0.75 0 075 , 150

Fig. 5. Sensitivity analysis of bifurcation buckling of a family of two-hinged arches: (a) ||[Kraxvi|2 and

(b) ||I~(T aaVvil|2 as functions of Ak representing the deviation from a thrust-line arch (Mang and
Héfinger, 2012)

4.2. Sensitivity analysis of a von Mises truss with an elastic spring attached to the load
point (Fig. 2)

The length of the two bars in the undeformed configuration L is chosen as 100 cm, the
corresponding rise h as 30.9 cm, the side length of the square cross-section as 17 cm, the elastic
modulus as 2.8 - 10! kN/cm?, and the vertical reference load P as 1N. The value of k in
the expression for the spring constant kk, where x € R is a scaling parameter, was taken
as 1N/cm. To avoid a multiple bifurcation point, only one half of the truss is analyzed. A
detailed analytical treatment of similar structures can be found in Schranz et al. (2006) and
Steinboeck et al. (2008). The truss was designed such that for x = 0 the bifurcation point
is relatively close to the snap-through point (Hoéfinger, 2010). With increasing spring stiffness,
the distance of the snap-through point from the bifurcation point is increasing. The structure
was discretized by means of 30 FEAP beam elements for finite displacements. Figure 6 serves
the purpose of verification of (3.17) for the general case of a nonlinear stability problem with
nonlinear prebuckling paths, characterized by

K7 maanll2 # 0 (4.3)

(Fig. 6a). However, apart from numerical noise for relatively small values of , the bilinear form
viK7 aaq a, vanishes (Fig. 6b), which proves (3.17).

5. Conclusions

e The characteristic feature of special prebuckling states, defined as states with a constant
percentage bending energy of the strain energy in the prebuckling regime, is disintegra-
tion of the third derivative of the mathematical formulation of the consistently linearized
eigenproblem with respect to the load multiplier A (see (3.1)).
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Fig. 6. Sensitivity analysis of bifurcation buckling of a von Mises truss with an elastic spring attached
to the load point: (a) |[Kz axqaxll2 and (b) viKr axg ax as functions of the scaling parameter & of the
spring stiffness (Hofinger, 2010)

e The characteristic feature of buckling from a membrane stress state, representing the
special state of zero percentage bending energy of the total strain energy, is disintegration
of the second derivative of the mathematical formulation of the mentioned eigenproblem
with respect to A, in addition to disintegration of the third derivative (see (3.4) and (3.1)).

e For buckling from a membrane stress state, obtained as a special case in the frame of sensi-
tivity analysis of buckling from a state of constant percentage bending energy of the strain
energy, the buckling mode is also the eigenvector of the second and the third derivative
of the tangent stiffness matrix with respect to A (see (3.16)). This remarkable result was
verified numerically by means of sensitivity analysis of two-hinged arches subjected to a
uniformly distributed load, containing a thrust-line arch as a special case.

e The difference between such a sensitivity analysis and one that is restricted to the buckling
from membrane stress states is reflected by A7y, =0 (see (3.3)) and Ay, > 0 (see the
general case of (3.2)).

e A previously derived necessary and sufficient condition for the buckling from a membrane
stress state (see (3.17)) was verified numerically by means of sensitivity analysis of a
von Mises truss with an elastic spring attached to the load point and the spring stiffness
serving as a variable design parameter.

e The characteristic feature of lateral torsional buckling, representing the state of zero per-
centage membrane energy of the total strain energy, is disintegration of the first derivative
of the mathematical formulation of the consistently linearized eigenproblem with respect
to A (see (3.25)). For this special case, for A = 0, A\] = oo (see (3.35)). At the stability
limit, A}y, =0and A7,y > 0 (see (3.37)), indicating a minimum of the curvature of the
curve Aj(A).
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Analiza wyboczenia konstrukcji w specjalnych przypadkach wyboczenia wstepnego za

pomoca metody elementéw skonczonych

Streszczenie

W pracy przedyskutowano warunki matematyczne w ramach metody elementéw skonczonych dla

niesprzecznie zlinearyzowanego zagadnienia wlasnego struktur sprezystych w celu okreslenia granicy sta-
tycznej statecznosci tych struktur, gdy te poddane zostaja wyboczeniu wstepnemu scharakteryzowanemu
stalym udzialem energii zginania w stosunku do catkowitej energii odksztalcenia. Szczegdlnym przy-
padkiem wyboczenia wstepnego jest stan naprezen powlokowych (brak zginania) oraz czyste zginanie.
Wyboczenie przy wstepnych naprezeniach membranowych, jako specjalny przyklad analizy wrazliwosci
wyboczenia na obecno$é¢ niezerowej energii odksztalcen gietych, jest jednym z dwéch przypadkéw zbada-
nych dla weryfikacji istnienia nieznanych, uzupelniajacych warunkéw wyboczenia w kontekscie metody
elementéw skonczonych.
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