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The subject of the paper are four corrugated cores in form of circular arcs, a sin wave,
trapezoids and an odd function. Transverse shear modules of these corrugated cores are
analytically determined. A comparative analysis of these transverse shear modules is pre-
sented. Areas of cross sections of the corrugated cores are constant. The theoretical study
shows considerable sensitivity of the shear modulus to shape of the corrugation.
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1. Introduction

Theoretical fundamentals for sandwich structures were initiated in the mid of the 20th century.
The shear modulus of a core of a sandwich structure considerably affects its bending and buc-
kling. Libove and Hubka (1951) presented the primary elaboration related to analytical study
of elastic constants for corrugated cores of sandwich plates. Carlsson et al. (2001) reviewed and
adapted previous analytical approaches to the analysis of elastic stiffnesses of corrugated core
sandwich panels into the framework of the first-order shear deformation laminated plate the-
ory. Buannic et al. (2003) computed the effective properties of corrugated core sandwich panels
using homogenisation theory. Motivated by the results of numerical simulations, Aboura et al.
(2004) examined behaviour of the linear homogeneous cardboard analytically, and confirmed
good agreeement of the results. A numerical approach to evaluate the stiffness parameters for
corrugated board was described by Biancolini (2005). Cheng et al. (2006) proposed finite element
analysis approach to evaluate equivalent elastic properties of complex sandwich structures. The
elastic bending of unstiffened and stiffened corrugated plates was studied by Peng et al. (2007),
where a mesh-free Galerkin method was applied in the analysis. A method for the modelling of a
corrugated board panel was outlined by Isaksson et al. (2007) — corrugated core sandwiches were
homogenized and the panels transformed to equivalent homogeneous layers with effective equal
properties. Talbi et al. (2009) presented an analytical homogenization model for a corrugated
cardboard and its numerical implementation with a shell element. An analytical model for the
compressive and shear response of monolithic and hierarchical corrugated composite cores was
developed by Kazemahvazi and Zenkert (2009). Kress and Winkler (2010) studied the problem
of finding a substitute material model for describing the load response of globally flat corrugated
sheets made of multidirectional laminates. They determined the maximal possible deformations
of a corrugated sheet where the corrugation pattern consisted of two circular segments. Pan
et al. (2008) investigated the transverse shear mechanical behaviour and failure mechanism of
aluminum alloy honeycomb. He et al. (2012) presented a semi-analytical method for bending
analysis of the sandwich panel with a core of triangular-shape, honeycomb-shape and X-shape.
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Aganovic et al. (1996) presented the equilibrium displacements corresponding to Koiter’s shell
model. The sequence of shells was considered as a slight periodical perturbation of the middle
surface of the plate was shown to converge to the equilibrium displacement of the classical plate
model. Corresponding corrector-type results were proved by the homogenization method. Mi-
chalak (2001) presented such a form of the mezo-shape function for a mezostructural model,
which is suitable for quantitative analysis of dynamic behaviour of a wavy-plate. Governing equ-
ations of the averaged theory of wavy-plates were obtained for different forms of the mezo-shape
functions for in-plane and out-of-plane displacements of the plate. The work does not address
the averaged values of modules determined, for example, with the use the averaged theory or the
asymptotic homogenization method, which are presented by Aganivic et al. and by Michalak.

The subject of the theoretical study presented in this paper are four corrugated cores in form
of circular arcs, a sin wave, trapezoids and an odd function. The transverse shear modulus for
each core is analytically determined.

2. Analytical description of shear moduli for corrugated cores
2.1. Corrugation of the core in form of circular arcs

The corrugated core between two faces undergoes shearing as shown in Fig. 1.
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Fig. 1. Scheme of the corrugated core of the circular arcs shape

Geometrical relations for the circular arc (Fig. 1) are as follows:
— radius of the circular arc

le

Ro =
07 160,

— complementary angle of the circular arc

B = arccos(4xpCeqa)

for

2(1 —x40) < o

(2.1)

(2.2)

where: Cpq = (1 — 240)/ 23y + 4(1 — 240)?], 240 = to/te, Tvo = bo/tc — dimensionless parameters,
by — corrugation pitch.
The basic system of forces for the half-pitch of the circular arc corrugation (Fig. 1) with the

reaction
1
R=—F (2.3)
Lp0o
enables one to formulate the bending moment
M(ca) . 1 . . 2
s (@) = §FR0 [smgo —sinf — E(cosﬂ — cos go)} (2.4)
0
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The elastic strain energy

w 12R o
Ul )=—E g/[sz J(@))? dy (2.5)
ato ]

where a is width of the corrugated core in the x-axis direction.
The displacement vp (Fig. 1) is determined on the basis of Castigliano’s second theorem

AU 6FR3

= S 2.6
YBTTGF T Eaf} (26)
where
4 4
Sca = Scal + Sca2 + Sca3
b0 bO

Seat = (g =) (5 +sin? ) — %sin(Zﬂ)

Seaz =1 —sin 3 + l(E — ﬂ) sin(203) — § cos? 3

Secas = (— — 5)( + cos 5) — 2(1 — —smﬁ) cos 3
The shear strain in the yz-plane is as follows

(a) _ VB _ GFR}
oz

0 g 2.7
te  Eatt] (2.7)

From Hooke’s law

ca F ca ca
e = o = G (2.8)

the shear modulus of elasticity for the circular arc corrugation is

G =Gl E (2.9)

where the dimensionless shear modulus is

~ 2048 73, C3,
Glea) = T ea 2.10
ve 3 xbOSca ( )
The cross section area of the circular arc corrugation for one pitch (Fig. 1) amounts to
ALY = 92(r — 28) Ryty = AL 12 (2.11)
where the dimensionless area
~ 1 T
Al = (7 — 28) 22 2.12
0 8 (ﬂ- 5) Cca ( )
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2.2. Corrugation of the core in form of a sin wave

The function of the corrugation is

fly) = %tc(l — xp) sin(27n) (2.13)

where 1 = y/by denotes the dimensionless coordinate.
The force system for the half-pitch of the sin wave corrugation (Fig. 2) is similar to that of
the circular arc corrugation with reaction (2.3). The bending moment is

ME () = iFtc[(l — wy0) sin(277) — 4n)| (2.14)

Then, the elastic strain energy

1/4
ca 12b sin
U[_g ) — ﬁt% /[le )(17)]2\/1 + & cos?(2mn) dn (2.15)
0
0

where ¢g = m(1 — z49)/xpo is the dimensionless parameter.
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Fig. 2. Scheme of the wave-shaped corrugated core

The displacement vp (Fig. 2) on the basis of Castigliano’s second theorem is as follows

AU 3Fbot? (s

= 2.1
BT AR T 2Ba ! (2.16)
where
S — (1= 240)2885) L 8(1 — 2y0)SE™ 4 1655
1/4
SE™ = [ sin?(2mn)y/1 + 3 cos?
1= )/ 1+ c§cos?(2mn) dn
0
1/4
S(sin) . . 9 9
1o = [ nsin(2mn)\/1+ c§cos?(2mn) dn
0
1/4
Sgn) = / n? \/1 + & cos?(2mn) dn
0
The shear strain in the yz-plane is as follows
(sin) _ VB _ 3Fboto g(sin) (2.17)

Tyz te 2Eat} 1
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Thus, by analogy to expressions (2.8) and (2.9), the dimensionless shear modulus is

~ i 222
3w S

The cross section area of the circular arc corrugation for one pitch (Fig. 2) is

Agsin) _ 4b0tosésm) _ A(()sin)tg (219)
where
1/4
Sésm) = / \/1 + & cos?(2mn) dn
0

and the dimensionless area

AS™ = dmmpo S5 (2:20)
2.3. Corrugation of the core in form of trapezoids

Geometrical relations for the trapezoid (Fig. 3) are as follows

2(1 — z40) xpo — 2kpx40

cos qg =
vieh " e

where ky = by /to, Cr = (zp0 — 2kpxs0)? + 4(1 — 249)? are dimensionless parameters.

sin g = (2.21)

<Y

bo/2

Fig. 3. Scheme of the corrugated core of the trapezoid shape

The force system for the half-pitch of the sin wave corrugation (Fig. 3) is similar to that of
the circular arc corrugation with the reaction (2.3). The normal force and the bending moment
in the trapezoidal corrugated core are

1 2
Ntrar) (g) = §F(cos ap + — sin ao)

50

2.22

M(trap)(s) = 1F(sin oy — 2 cos ao)s | )
b 2 AN

The elastic strain energy with consideration of the tension and bending energy is as follows

St St
1 12
(trap) _ (trap) 2 d / (trap) 2 d 2.9
L) = gy | WO i+ gy [ 0 (2.23)

where s; = t.\/C};/4 is the length of the trapezoid arm.
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The shear strain in the yz-plane, by analogy to expressions (2.6) or (2.16), is written

(trap) _ U_B FSttc (trap)

=—°_9 2.24
Tz tc  2Batob? ! (2:24)
where
1
S = o 2wl (zeo — 2kpi0) + 4(1 — 210)] + (230 — 2k)?
t
Thus, the dimensionless shear modulus is
Glrw = 20 (225)
Sl Ct
The cross section area of the trapezoid corrugation for one pitch (Fig. 3) is
Al — ¢ 1 (ka:cto +/ Ct) = Aliror)¢2 (2.26)
where the dimensionless area is
g(()tmp) — 50 (kaxto + \/Et) (2.27)
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Fig. 4. Scheme of the corrugated core in form of an odd function shape

The function of the corrugation is

1
Fly) = 5te(1 = 20)6 (1) (225)
where the odd function is in the following form
— _ 2 ﬁ B 2 4
o(n) = n[6 320 + 2 (1= 32 + 2561 )} (2.29)

and ky is dimensionless parameter.
Thus, by analogy to the sin wave corrugation the dimensionless shear modulus is

Cilodd—f) _ L%O (2:30)
where
1/4
glodd—f) _ /[(1 — 240)$(n) — 4n]* /1 + A3 (n) dn
0
1 =2y
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and the dimensionless area

ALU=D) — gay02008L0% ) (2.31)
where
1/4
N Wl
0

Expressions (2.10), (2.18), (2.25) and (2.30) for the dimensionless shear moduli and (2.12),
(2.20), (2.27) and (2.31) for dimensionless areas serve as a basis of comparative analysis of the
four shapes of the corrugated cores.

3. Comparative analysis of shear moduli of the corrugated cores

Values of deflections and critical loads of sandwich structures are related to the values of the core
shear moduli. Maximization of the value of the shear modulus results in the maximum value of
rigidity of the sandwich structure. In consequence, the quality measure of the corrugated core is
the value of the dimensionless shear modulus for a constant value of the dimensionless area of a
single pitch. The comparative analysis is carried out for the following example data: thickness
of the core t, = 12.2mm, corrugation pitch by = 28 mm and dimensionless area of the single
corrugation pitch ﬁ((f) = 0.2. The geometric size and dimensionless transverse shear moduli of
the studied cores calculated based on the above data are as follows:

e the circular arc shape of the corrugation (Fig. 1)

(Thickness of the corrugated sheet tp = 0.760mm, radius of the circular arcs (2.1)
Ry = 7.14mm, complementary angle (2.2) 5 = 0.2006 rad, and dimensionless shear mo-
dulus (2.10) G = 0.00170.)

e the sin wave shape of the corrugation (Fig. 2)

(The tickness of the corrugated sheet tp = 0.799 mm, and the dimensionless shear modulus
(2.18) GS™ = 0.00851.)
e the trapezoid shape of the corrugation (Fig. 3)

(The maximum value of the dimensionless shear modulus @g?ﬁgx = 0.1755 occurs for the
thickness of the corrugated sheet tg = 0.815 mm and the length of trapezoid parallel sides
by = 0.9271 mm.)

e the odd function shape of the corrugation (Fig. 4).

The maximum value of the dimensionless shear modulus ég(f;‘%;}{) = 0.2707 occurs for the
thickness of the corrugated sheet g = 0.816 mm and the dimensionless parameter ky = —507.9.
It can be noticed that for core corrugations in sin wave and odd function shapes, the values of the
shear moduli are equal to ég(,s;n) = ég(fidd_f ) — 0.00851 for the sheet thickness ¢t = 0.799 mm.
Moreover, for the trapezoidal corrugation and sheet thickness ¢ty = 0.780 mm, the value of the
shear modulus égt;’“p ) = 0.00849 approximates the above values of ég(fzin) = C:’g(fzdd_f ) = 0.00851.
In this case, the graph of the sinusoidal shape of core corrugation coincides with the graph of
the odd function (Fig. 5).

The shear moduli of the corrugated cores with circular arcs or sin wave shapes for any data
are constant (é?(fza) = 0.00170, é?(;in) = 0.00851 are valid for the examplary data). The shapes
of these corrugations are uniquely defined for the assumed data. However, the trapezoid or the
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Fig. 5. Comparison of three corrugation shapes for the trapezoid (b; = 3.710mm), odd function and sin
wave

odd function shapes are not uniquely defined for the assumed data as their shapes may be
controlled by varying the length of the trapezoid parallel sides b; (Fig. 3) or the dimensionless
parameter k¢ of the function (2.29). The results of numerical calculations for these shapes of
corrugations (Table 1 and Table 2) are shown in Fig. 6.

Table 1. Values of ¢y, by and dimensionless shear modulus (2.25)

to [mm] | 0.780 | 0.790 | 0.800 | 0.805 | 0.810 |0.8125 | 0.8150 | 0.8175 | 0.8251
by [mm]| 3.710 | 2.973 | 2.192 | 1.783 | 1.362 | 1.1465 | 0.9271 | 0.7041 0
é?(f;"“p) 0.00849 | 0.0152 | 0.0351 | 0.0622 | 0.1199 | 0.1574 | 0.1755 | 0.1552 | 0.0550

Table 2. Values of ¢y, kf and dimensionless shear modulus (2.30)

to [mm] | 0.799 | 0.810 | 0.812 | 0.813 | 0.814 | 0.815 | 0.8155| 0.816 | 0.8164
kp [mm]| 71.36 | —199.3|—270.0| —311.4| —359.4 | —418.7 | —456.7| —507.9 | —607.6
G110.00851 | 0.0264 | 0.0397 | 0.0523 | 0.0748 | 0.1245 | 0.1769 | 0.2707 | 0.2526
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Fig. 6. Shear moduli for the trapezoid and odd function core shapes

These graphs reveal the shear moduli sensitivity to variation of the corrugated sheet thick-
ness tg for the above two shapes of corrugations. A minor change in the of corrugated sheet
thickness tg results in a significant change in the shear moduli values Gqff;’“” ) and @g(f;dd_f ),
This sensitivity arises in the neighbourhood of the extremum. Thus, manufacturing of sandwich
beams with corrugated cores of trapezoid or odd function shapes may be impossible, taking into
account the maximum values of the shear moduli. The profile and dimensional tolerance is of

high importance in this case. The trapezoid and odd function core shapes for the extremum (the
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trapezoid: to = 0.815mm, by = 0.9271 mm, G\ %), = 0.1755, the odd function: t; = 0.816 mm,

k= —507.9, G\ 1) — 0.2707) are shown in Fig. 7.
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Fig. 7. Comparison of the two corrugation shapes for the trapezoid (b; = 0.9271 mm) and the odd
function at extremum
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Fig. 8. Comparison of the three corrugation shapes for the trapezoid (b; = 0.9271 mm) odd function
and sine wave form

It can be noticed that in the extreme case, the shapes of core corrugations in of the trapezoid
and odd function type are similar.

4. Conclusions

The theoretical studies of four corrugated cores allows one to draw the following conclusions:
e the core in form of circular arc is the most susceptible to shearing when the value of

dimensionless transverse shear modulus of elasticity is the lowest: é?(fza) = 0.00170,

e the core in form of the sin wave is more resistant to shearing than the circular arc core
when the transverse shear modulus of elasticity is higher: ég(fzin) = 0.00851,

e the trapezoidal core is much more resistant to shearing than the two above, the maximum

value of the transverse shear modulus is Gggt; %’gx = 0.1755, nevertheless, the shear modulus

is sensitive to variation of the corrugated sheet thickness t,

e the core having shape of an odd function is distinguished by the greatest resistance to she-

aring, the maximum value of the transverse shear modulus is ééﬁcfl;){) = 0.2707, however,

it is very sensitive to the change of the corrugated sheet thickness tg.
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The theoretical studies show significant differences between the four shapes, including the three
basic ones: circular arcs, sin wave and trapezoid.
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